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CANONICAL COMPLEX EXTENSIONS OF KA¨HLER MANIFOLDS
DANIEL GREB ANDMICHAEL LENNOXWONG
ABSTRACT. Given a complex manifold X, any Ka¨hler class defines an affine bundle over X, and any
Ka¨hler form in the given class defines a totally real embedding of X into this affine bundle. We formulate
conditions under which the affine bundles arising this way are Stein and relate this question to other
natural positivity conditions on the tangent bundle of X. For compact Ka¨hler manifolds of non-negative
holomorphic bisectional curvature, we establish a close relation of this construction to adapted complex
structures in the sense of Lempert–Szo˝ke and to the existence question for good complexifications in the
sense of Totaro. Moreover, we study projective manifolds for which the induced affine bundle is not just
Stein but affine and prove that these must have big tangent bundle. In the course of our investigation, we
also obtain a simpler proof of a result of Yang on manifolds having non-negative holomorphic bisectional
curvature and big tangent bundle.
INTRODUCTION
Given a Ka¨hler class [ω] ∈ H1,1
(
X
) ∼= H1(X, Ω1X) ∼= Ext1(OX , Ω1X) on a complex manifold X,
the last identification allows one to construct a natural deformation of the complex structure on the
cotangent bundle of X, which is an affine bundle modelled on Ω1X , see for example [Do, §2]. In this
paper, we study the complex geometry of the total space of this affine bundle ZX = Z[ω] over X,
which we call a ”canonical complex extension of X”, adopting the terminology of [Sh] and referring
the reader to the discussion in Section 1.1 for why we have chosen the term ”extension” over the
perhaps more natural ”complexification”.
It is elementary to see that every form representing [ω] defines a differentiable section of Z[ω]. We
show in Theorem 2.3 below that a section obtained in this way defines a totally real embedding of X
into Z[ω] if the chosen form is Ka¨hler. As every Ka¨hler class has a real analytic Ka¨hler representative,
a folklore result which we prove in detail in Appendix A of this paper, such a section hence provides
a natural complex extension of the real analytic manifold underlying X. In particular, by classical
results in complex analysis due to Grauert, the image of such a section has a neighbourhood basis
consisting of Stein domains, and it is hence a natural question to ask under which conditions is Z[ω]
itself Stein.
Looking at what happens in the case of compact Riemann surfaces is perhaps useful to form an
initial set of expectations. For X = P1, ZX is an affine variety (in fact, isomorphic to the surface in C
3
defined by x2+ y2+ z2 = 1, hence a complexification of S2 ∼= P1), and when X is an elliptic curve, ZX
is Serre’s example of an algebraic variety which is not affine, but whose underlying complex structure
is Stein, see Remark 2.18. Finally, when the genus of X is greater than or equal to two, ZX admits no
non-constant holomorphic functions, and hence is never Stein, see Example 3.6. On the other hand,
ZX (for X of arbitrary dimension) always possesses the property of Stein manifolds that there are no
compact complex submanifolds of positive dimension, see Proposition 2.7.
Steinness for manifolds with nonnegative holomorphic bisectional curvature. Based on the fore-
going —admittedly crude—set of data, it is plausible to suggest that some positivity conditions on
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the tangent bundle of X may be sufficient for ZX to be a Stein manifold. After studying the examples
of complex tori and flag manifolds in Sections 2.3, we prove that for Ka¨hler manifolds (X,ω) admit-
ting a finite e´tale covering fibering over a compact complex torus with fibre a flag manifold, the affine
bundle Z[ω] is indeed Stein, see Theorem 3.4. As a consequence of Mok’s uniformisation theorem [M,
Main Theorem, p.179], this class of manifolds includes all compact Ka¨hler manifolds of non-negative
holomorphic bisectional curvature, see Proposition 3.1.
Relation to adapted complex structures. There is another canonical way of associating to a Riemann-
ian metric g on a given real analytic manifold M a complex structure on a neighbourhood of the zero
section of the tangent bundle TM, the so-called adapted complex structure of Lempert–Szo˝ke [LS] and
Guillemin–Stenzel [GS]. In fact, one of the natural questions in this theory is to determine conditions
under which the adapted complex structure is everywhere defined, so that it induces the structure of
a Stein manifold on the entirety of the tangent bundle. When this happens, the Riemannian manifold
(M, g) is said to have an entire Grauert tube, and one knows that it has non-negative sectional curva-
ture [LS, Theorem 2.4]. On the other hand, it is not true that non-negative sectional curvature of a
particular metric is sufficient for the complex structure arising from that metric to be defined on the
whole of TM.1 Of course, in the case that a Riemannian metric of non-negative sectional curvature is
also Ka¨hler, then its holomorphic bisectional curvature is also non-negative. In this Ka¨hler situation,
we will see that one often already has an entire Grauert tube, and even if this is not guaranteed, there
is always another metric in the same Ka¨hler class for which this holds; furthermore, this adapted
complex structure is then biholomorphic to the canonical complex extension Z[ω]. See Theorem 3.16
for a precise statement.
Good complexifications. In fact, a conjecture of Burns [Bu, §5] predicts that for a Riemannian mani-
fold (M, g) with entire Grauert tube, the tangent bundle can be made into an affine algebraic variety
in a natural way. Already for tori this is a subtle question, as for example our computations of the
complex structure obtained by deformation on tangent bundles of compact complex tori in Section 2.3
below show that in this context Serre’s classical examples of non-affine algebraic varieties with Stein
analytification do show up. This algebraisation problem is closely related to the existence of a good
complexification of the underlying real manifold M, i.e., the question of whether there exists a smooth
affine algebraic variety Z over R such that M is diffeomorphic to Z(R) and such that Z(R) →֒ Z(C)
is a homotopy equivalence.
Totaro suggests that manifolds admitting a Riemannian metric of non-negative sectional curva-
ture should be precisely those that admit such a good complexification, see [T, Introduction] for a
detailed discussion. Using some of the techniques introduced in [T] as well as the rough structure
theory provided by Proposition 3.1, we show that in the Ka¨hler case non-negative curvature (hence,
non-negative holomorphic bisectional curvature) is indeed sufficient for the existence of good com-
plexifications, see Theorem 3.9.
Necessary criteria. Having discussed sufficient criteria for Steinness of the affine bundle Z[ω], it is of
course an interesting question to characterise those compact Ka¨hler manifolds fulfilling this positivity
condition. In this direction, note that compact Ka¨hler manifolds with non-negative holomorphic
bisectional curvature constitute an important class of compact Ka¨hler manifolds with nef tangent
bundle, cf. [DPS]. As the tautological line bundle on the projectivisation of the tangent bundle appears
as the normal bundle of a divisor compactifying Z[ω] to a compact Ka¨hler manifold, see Lemma 1.16, it
is natural to ask whether compact Ka¨hler manifolds for which Z[ω] is Stein do in fact have nef tangent
bundle. Since proving this seems to be difficult, as a first step in this direction, we investigate the
algebraic situation and show in Section 4.1 that for projective manifolds having a class [ω] such that
1It is believed, however, that if there exists a metric of non-negative sectional curvature, then there is some, possibly
different, metric, necessarily also of non-negative curvature, for which the Grauert tube is entire; this appears to be a subtle
and difficult question, related to the suggestion of Totaro mentioned below.
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Z[ω] is affine, the tangent bundle is necessarily big. As a side product of our considerations we obtain
essentially elementary proofs of a result of Hsiao [Hs, Corollary 1.3], asserting that flag varieties have
big tangent bundles, and one of Yang [Y, Theorem 4.5], stating that a compact Ka¨hler manifold of
non-negative holomorphic bisectional curvature with a big tangent bundle is a product of irreducible
Hermitian symmetric spaces of compact type and of projective spaces with metrics of non-negative
holomorphic bisectional curvature.
Future directions. Manifolds with nef tangent bundle necessarily have nef anti-canonical bundle; it
therefore follows from [Cao, Cor. 1.4] and [DPS, Main Theorem] that the universal cover of such a
manifold is a direct product of Ck with a Fano manifold with nef tangent bundle. It was conjectured
by Campana–Peternell in [CP] that such Fano manifolds are in fact rational homogeneous projective
manifolds, i.e., flag varieties. Comparing with the proof of Steinness of the canonical extension in
the case of manifolds with non-negative bisectional curvature, one is led to the following natural
question.
Question 0.1. If X is a compact Ka¨hler manifold with nef tangent bundle, is there a Ka¨hler metric ω on X
such that Z[ω] is Stein?
While the discussion above shows that the universal covers of manifolds with non-negative bisec-
tional curvature and of those with nef tangent bundle modulo the Campana–Peternell conjecture are
the same as complex manifolds, we remark that the statement of Proposition 3.1 does not generalise
to the more general setup of manifolds with nef tangent bundle.2 Concerning the converse problem
of characterising manifolds admitting a metric with Stein canonical extension, one might ask
Question 0.2. Let X be a compact Ka¨hler manifolds having a Ka¨hler metric ω such that Z[ω] is Stein. Does
this imply that O
PΩ1X
(1) is pseudoeffective / modified nef in the sense of [Bo, Def.2.2] / nef ?
Finally, while we present no results in this direction, we will end our introduction by mentioning
that our considerations in this paper should be related to the hyperka¨hler geometry of cotangent
bundles of compact Ka¨hler manifolds, as developed in [Fe, Ka]. One of the features of this theory
resembles that of the adapted complex structures, in that the hyperka¨hler metric does not always exist
on the whole cotangent bundle, but only in some neighbourhood of the zero section. Furthermore,
the situation for compact Riemann surfaces mirrors that described above: in genera 0 and 1, the
hyperka¨hler metric exists everywhere, while for genus greater than or equal to two, it is known that
it does not extend to the whole cotangent bundle [Fe, Theorem B(ii)]; in fact, in the latter case, the
domain of definition of the metric has more recently been determined [Hi, §6.1]. It is likely that
the assumption of non-negative holomorphic bisectional curvature is again sufficient to guarantee
that the hyperka¨hler metric exists on the whole cotangent bundle and is complete, but we have not
investigated this.
Acknowledgements. The authors would like to thank Bo Berndtsson, Andreas Ho¨ring, and Stefan
Nemirovski for answering questions via eMail, Indranil Biswas for pointing out Example 3.6, Tim
Kirschner for in-depth discussions regarding the material covered in Appendix A, La´szlo´ Lempert
for bringing our attention to [Se] and for sharing his related work with us, and Robert Szo˝ke for
insightful explanations regarding adapted complex structures and Burns’ conjecture, as well as for
pointing out an initial misinterpretation on our part of Mok’s theorem. Both authors were supported
by the Collaborative Research Center SFB/TR 45 “Periods, moduli spaces and arithmetic of algebraic
varieties”(Project M08-10) of the Deutsche Forschungsgemeinschaft (DFG).
2Indeed, the projective bundle X = PW associated with the non-split extension 0 → OE → W → OE → 0 on an elliptic
curve E, on the one hand, has nef tangent bundle by [CP, Thm. 3.1], while on the other hand by [CDP, Rem. 1.7], it does not
admit a Ka¨hler metric such that the universal cover splits isometrically and biholomorphically as P1 × C, where both factors
are endowed with their standard metric.
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1. PRELIMINARIES
If not mentioned otherwise, manifolds are assumed to be connected and differentiable manifolds
are assumed to be C∞.
1.1. Complexification. By Whitney’s Theorem, every C∞-manifold admits a real-analytic structure.
The complexification of such a real analytic manifold seems to have first appeared in [WB]. The argu-
ments in that paper are somewhat sparse and more details are given in [Sh, §1.4]. While these early
papers have a local approach to the notion of complexification, we will use the following definition,
cf. [Ku].
Definition 1.1. A complexification of a real analytic manifold M is a complex manifold Z together
with an anti-holomorphic involution τ : Z → Z such that M is real analytically isomorphic to the
fixed-point set Zτ of τ. The complexification Z is called minimal if the inclusion M →֒ Z is a homo-
topy equivalence.
Remark 1.2. Two complexifications of the same real analytic manifold M have biholomorphic germs
around M.
Definition 1.3. Let M be a differentiablemanifold and Z a complex manifold. We say that an embed-
ding ı : M →֒ Z is totally real if for all x ∈ M, dıx(TxM)∩ JZ,i(x) · dıx(TxM) = 0, where JZ : TZ → TZ
is the complex structure on the tangent bundle. In this case, we call Z a (complex) extension of M.
Fixed-point sets of anti-holomorphic involutions are totally real, i.e., a complexification is a com-
plex extension. Conversely, Grauert’s solution of the Levi problem [Gr1] and further improvements
by Nirenberg–Wells [NW, §4] imply the following result.
Theorem 1.4 (Real analytic totally real embeddings and complexifications). Every real analytic totally
real embedding M →֒ Z admits a neighbourhood basis of Stein open subsets M ⊂ Ωε ⊂ Z such that each Ωε
is a minimal complexification of M.
In particular, every complexification contains a minimal complexification that is a Stein manifold.
As smooth affine varieties over the complex numbers provide examples of Stein manifolds, this leads
to the following notion, which was introduced in [T], and which we discuss in our context in Section
3.3.
Definition 1.5. A good complexification of a real analytic manifold M is a smooth affine algebraic
variety U over R such that M is diffeomorphic to U(R) and such that the inclusion U(R)→ U(C) is
a homotopy equivalence.
We will later use the following uniqueness property of complex extensions:
Lemma 1.6. Let ψ : M → M be a diffeomorphism of the differentiable manifold M, and let ı : M →֒ Z
be a complex extension of M. Then, there is at most one holomorphic automorphism Ψ : Z → Z making ı
equivariant with respect to ψ and Ψ. In particular, if a finite group Γ acts by diffeomorphisms on M, then there
is at most one holomorphic action of Γ on Z such that ı is Γ-equivariant.
Proof. It suffices to show that a holomorphic automorphism of Z that fixes i(M) pointwise is the
identity. As i(M) is totally real inside Z, the Cauchy–Riemann equations imply that such an auto-
morphism is the identity on a neighbourhood of i(M) in Z. We then conclude using the identity
principle for holomorphic maps between (connected) complex manifolds. 
1.2. Analytic representatives for Ka¨hler forms. Whilemany papers on complexifications in the pres-
ence of a Ka¨hler form assume the form to be real analytic, see for example [Fe], the following result
does not seem to be too well-known. As only sketches of proofs of Proposition 1.7 can be found in
the literature, we give a detailed argument in Appendix A.
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Proposition 1.7. Let X be a Ka¨hler manifold with Ka¨hler form ω0. Then there exists ψ ∈ C
∞(X) such that
the form ω := ω0 + i∂∂¯ψ is positive and real analytic.
Remark 1.8. Observe that ω = ω0 − ∂¯(i∂ψ), so ω, ω0 represent the same Dolbeault cohomology class
in H1,1
∂¯
(X). Also, since i∂∂¯ψ = d( i2(∂¯ψ− ∂ψ)), they represent the same de Rham cohomology class.
Thus, the statement says that any Ka¨hler class (for either of the cohomology theories) has a real
analytic representative.
1.3. Affine bundles. Let X be a complex manifold and V a holomorphic vector bundle over X. A
class a ∈ H1(X,V) = Ext1(OX,V) determines an affine bundle Za → X over X with bundle of
translations V as follows. Associated to a is an extension of vector bundles
0 −→ V −→W −→ OX −→ 0.(1.9)
To recall, W may be realised via Dolbeault representatives as follows. Let α ∈ A0,1(V) denote a
Dolbeault representative of a. ThenW is the C∞ vector bundleV⊕OX with the holomorphic structure
∂¯W :=
[
∂¯V α
∂¯OX
]
.(1.10)
In terms of Cˇech representatives, if {Xi} is a fine enough open cover so that a is represented by
(aij) ∈ ∏Γ(Xi ∩ Xj,V), then a section ofW over U is given by tuples
(si, fi) ∈∏
i
Γ(U ∩ Xi,V)⊕ Γ(U ∩ Xi,OX)(1.11)
satisfying [
si
fi
]
=
[
Id aij
Id
] [
sj
f j
]
(1.12)
on U ∩ Xi ∩ Xj. Note that if α is the Dolbeault representative taken above, then since α is ∂¯V -closed,
by the ∂¯-Poincare´ lemma, one can find an open cover {Xi} such that there exist ρi ∈ A
0(Xi,V) with
∂¯Vρi = α|Xi . With this, one can take (aij = ρi − ρj) for the Cˇech representative above.
Let us be explicit about how one goes back and forth between expressions for (not necessarily
holomorphic) sections of W in the Dolbeault and in the Cˇech realisations. As mentioned, a section
for the Cˇech realisation is given by a tuple as in (1.11) satisfying (1.12), while one of the Dolbeault
realisation is a smooth section of the direct sum V ⊕ OX, and this will be holomorphic if and only
if it lies in the kernel of (1.10). Starting with an expression as in (1.11), the corresponding Dolbeault
section is given by
(si − ρi fi, fi)(1.13)
overU∩Xi; it is easy to check that these expressions give awell-defined section ofV⊕OX . Of course,
given a Dolbeault section (s, f ), the corresponding Cˇech section is (s|U∩Xi + f |U∩Xiρi, f |U∩Xi).
If |W| denotes the total space ofW, then the surjective map in (1.9) yields one of manifolds
p : |W| → |OX | = X ×C → C.
For λ ∈ C, we set Za,λ := p
−1(λ) and Za := Za,1; of course, we may simply write Z if the class a is
understood. In fact, it is easy to see that Za ∼= Za,λ for any λ ∈ C
×. Also, since the isomorphism class
of W only depends on the class of a in PH1(X,V), the same is true of Za. The vector bundle V acts
on W by translations; since V is the kernel of p, it is clear that Za is invariant (as a submanifold of
|W|) under this operation, so that we obtain a well-defined action of V on Za. With this operation, Za
becomes a V-torsor; this is equivalent to saying that Za is a locally trivial fibre bundle with fibre C
r
with transition functions in the group of affine transformations of Cr such that the induced cocycle
with values in GLr(C) gives back V. We say that Za is an affine bundle (modelled on the vector
bundle V).
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Remark 1.14. To avoid any possibility of ambiguity, in the following, PW will refer to the projective
bundle of lines, and not hyperplanes, inW. This is also the convention adopted in [De, §15.C].
The next two lemmata collect a number of well-known properties of the construction described
above. We explicitly state and prove them here in order to point out a number of consequences of
the choice of convention adopted here, to remind the reader of certain isomorphism between the
different realisations, and to be able to easily apply them later in the special case where we consider
the extension of the trivial line bundle by the cotangent bundle induced by a Ka¨hler class.
Lemma 1.15 (Sections of Za). (a) A (C
∞) section of Za over U is equivalent to a tuple (si) of sections of V
over U ∩ Xi satisfying the relation
si = sj + aij on Xi ∩ Xj.
In particular, taking si = ρi, a choice of local primitives for a Dolbeault representative for a yields a
canonical C∞ section (which will not, in general, be holomorphic). In the Dolbeault realisation, this is
simply the constant section (0, 1) of V ⊕OX.
(b) A global holomorphic section of Za exists if and only if Za ∼= V if and only if a ∈ H1(X,V) is the trivial
class.
(c) The projection Za → X is a homotopy equivalence.
Proof. By definition, a section of Za is a section of W whose image in OX is 1. Thus, the statement
comes from taking fi = 1 in (1.12). The statement involving the Dolbeault representation of the
canonical section simply comes from (1.13). Thus statement (a) follows.
Regarding (b), we first remark that an affine space is isomorphic to its vector space of translations
upon a choice of base point. Similarly, an affine bundle will be isomorphic to its vector bundle of
translations upon choice of a section. It is clear that if a is trivial, then V ∼= Za. On the other hand, a
global holomorphic section will produce a global primitive for the class of a, which will then be the
trivial class.
For (c), we noted above that a C∞ section of Za always exists, so Za and V are diffeomorphic, but
the projection V → X is a homotopy equivalence, as it is a vector bundle. 
Lemma 1.16 (Basic properties of the construction). In the setup adopted in the current subsection, the
following holds.
(a) The inclusion V → W in (1.9) induces an inclusion of the bundles PV → PW of projective spaces over
X. Then PV is the vanishing locus of a section s0 ∈ H
0(PW,OPW(1)) and
Za ∼= PW \PV.
(b) Let f : Y → X be any holomorphic map of complex manifolds and let V be a holomorphic vector bundle
over X. Let a ∈ H1(X,V) and let pa : Za → X be the corresponding affine bundle. The pullback class f ∗a
lies in H1(Y, f ∗V), and so we also have an affine bundle p f ∗a : Z f ∗a → Y and the following is a cartesian
diagram:
Z f ∗a
F //
p f ∗a

Za
pa

Y
f
// X.
(1.17)
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(c) Fix f : Y → X, V → X, and a ∈ H1(X,V) as above. There is a bijection between the set of commutative
diagrams
Y
φ
//
f ❅
❅❅
❅❅
❅❅
❅ Za
pa

X
(1.18)
and the set of sections of Z f ∗a → Y which, by Lemma 1.15(b) above, is non-empty precisely when f
∗a ∈
H1(Y, f ∗V) is trivial.
Proof. To see (a), say in the Cˇech realisation, sections of W are locally given by pairs (s, f ), with s a
section of V and f a locally defined function. The sections of V correspond to those where f = 0.
Therefore, taking f = 1 is equivalent to dehomogenising coordinates of PW, and this is precisely the
complement of PV. Recall that under the convention adopted in Remark 1.14 we have an identifica-
tion H0(PW,OPW(1)) = H
0(X,W∨); the section s0 is (up to scalars) precisely the section correspond-
ing to the inclusion OX →W
∨ one obtains upon dualising the sequence (1.9).
For (b), let {Xi} be an open cover of X for which we can choose a Cˇech representative (aij) ∈
∏i,j Γ(Xi ∩ Xj,V) for a. Then Za is constructed from ∐i Vi, where Vi =
∣∣V|Xi ∣∣ is the total space of V
over Xi, modulo relations built from the aij.
If Yi := f
−1(Xi), then Z f ∗a is built similarly from ∐Wi, with Wi :=
∣∣ f ∗V|Yi ∣∣ and relations coming
from f ∗aij. But virtually by definition, we have Wi = Yi ×Xi Vi. Thus, given a complex manifold T
and a commutative diagram
T //
q

Za
pa

Y
f
// X
one gets maps Ti := q
−1(Yi) → Vi, and hence to Wi, and one will be able to patch these together
uniquely into a map T → Z f ∗a.
Statement (c) follows directly from the universal property of the cartesian diagram (1.17), with a
section s of p f ∗a corresponding to the map φ = F ◦ s in (1.18). 
Remark 1.19. Lemma 1.16(c) allows us to call Za the “universal space” on which a trivialises.
1.4. Flag varieties: Automorphisms, isometries, and embeddings. By a flag variety, we will mean
a smooth complex projective variety of the form M = G/P, where G is a connected semisimple
complex algebraic group and P ≤ G is a parabolic subgroup.
1.4.1. Automorphisms. We wish to remind the reader of the description of the holomorphic/algebraic
automorphism group AutM of such an M; Aut◦M will denote the identity component of AutM. We
follow [Ak, §3.3].
Of course, G itself always acts on M by left multiplication, and as G is connected, we always have
a map G → Aut◦M. In the case that G is simple and of adjoint type (that is, with trivial centre), then
except for a few special cases [Ak, §3.1. Example 2], this is an isomorphism, so that we may make the
identification [Ak, §3.3. Theorem 2]
Aut◦M = G.(1.20)
In each of the exceptions, if G′ := Aut◦M, then G′ is also a semisimple group, G ≤ G′ (via the map
above) and G′ has a parabolic subgroup P′ for which G/P = G′/P′. Since we are interested in this
latter quotient, by replacing the pair (G, P)with (G′, P′), we may assume (1.20) holds in all cases.
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Now, when G is not necessarily simple, one has a decomposition
M ∼= M1 × . . .×Mr,
where each Mi = Gi/Pi is itself a flag manifold, with Gi being a simple factor of G and Pi = Gi ∩ P,
and [Ak, §3.3. Theorem 1] says that
Aut◦M = Aut◦M1 × . . .×Aut
◦Mr.
Therefore, by replacing the Gi by the appropriate G
′
i as in the preceding paragraph, we may assume
that (1.20) holds, even if G is not simple.
To describe the full automorphism group, let T ≤ G and B ≤ G be a maximal torus and a Borel
subgroup, respectively, with T ≤ B; furthermore, we choose them so that B ≤ P. Let Φ denote the
root system associated to (G, T); B then corresponds to a subset Π ⊆ Φ of simple roots. Let AutG
denote the group of automorphisms of G as an algebraic group and set
E := {ϕ ∈ AutG | ϕ(B) = B, ϕ(T) = T}.
Then E is a finite group; since it preserves T, it induces an action on the root system Φ; since it
furthermore preserves B, it permutes the positive roots, and hence is isomorphic to the automorphism
group of the Dynkin diagram associated to the e´pinglage of G determined by T and B (i.e., the choice
of Π above). Let EP ≤ E be the subgroup of E preserving P. Since B ≤ P, P corresponds to a
subset R ⊆ Π of simple roots; viewing EP as a group acting on the Dynkin diagram, whose nodes are
indexed by Π, it is the subgroup which preserves R.
Theorem 1.21 (Thm. 3 in §3.3 of [Ak]). AutM = EP ⋉ G. In particular, AutM is an affine algebraic
group.
We will also need the following.
Proposition 1.22 (Cor. 2 in §3.3 of [Ak]). Every automorphism of M has at least one fixed point.
Let L ≤ P be the Levi subgroup containing T; then, as it is a reductive group itself, its root system
ΦL with respect to T is a sub-root system of Φ; in fact, it is precisely the sub-root system of Φ spanned
by R. Thus, we obtain the following.
Lemma 1.23. If ϕ ∈ EP, then ϕ(L) = L.
To be explicit, an element of the G-factor of AutM = EP ⋉ G acts by left multiplication on M =
G/P and an element of EP acts as an automorphism of G on a representative of a coset in M (of
course, it is well-defined as P is preserved by EP, by definition). The lemma now implies that if we
let Z := G/L, where L ≤ P is the Levi factor described above, then EP ⋉ G also acts on Z. Since any
algebraic action on M factors through AutM, we may record the following.
Corollary 1.24. Let H be an algebraic group acting algebraically on a flag variety M = G/P, where G =
Aut◦M. Then the H-action on M canonically lifts to an algebraic action on Z making the canonical fibration
π : Z → M equivariant.
1.4.2. Flag varieties in terms of compact groups. A flag manifold may also be realised as a homogeneous
space of a compact Lie group. Let M = G/P be as before (with G semisimple, but not necessarily
simple). Let U ≤ G be a maximal compact subgroup (which will also be semisimple); then G = UC
is the complexification of U. Let K := U ∩ P. Then we have identifications
M = G/P = U/K.
Furthermore, we have KC = L, that is, the complexification of K is the Levi factor of P. With this, the
canonical fibration π : Z = G/L → M has a real analytic (even real algebraic), totally real section
s : M → Z given by realising M = U/K and taking
(1.25) s(uK) := uL.
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Using the description of AutM in Theorem 1.21 and Lemma 1.6, it is straightforward to verify the
following.
Lemma 1.26. If an algebraic group H acts algebraically on M, then the inclusion s : M→ Z is H-equivariant
with respect to the lifted action given by Corollary 1.24. Moreover, the latter is uniquely determined by the H-
action on M.
1.4.3. Riemannian metrics on flag manifolds. Given a flag manifold M = G/P = U/K, we consider it as
a Ka¨hler manifold and a fortiori as Riemannian manifold on whichU acts by isometry. A Riemannian
metric with this property can be obtained from a K-invariant inner product on a complement to k in u
that is compatible with the (almost) complex structure, where u and k are the Lie algebras of U and K,
respectively—as we will see, the metrics that occur will in fact satisfy a stronger property—and we
assume that we are given such a metric in the following discussion.
As U is a maximal compact subgroup of G, given a maximal torus of U, its complexification is
a maximal torus of G, and the respective root systems we obtain are the same. Furthermore, the
set of simple roots yielding P on the algebraic side will then correspond to the compact subgroup
K = P ∩U = L ∩U. Now, consider an automorphism φ ∈ EP; recall that φ comes from an automor-
phism of G as an algebraic group which in turn arises from an automorphism of the Dynkin diagram
for G which preserves the nodes corresponding to P. From the construction of the group automor-
phism induced by a given automorphism of the Dynkin diagram, which is explained for example in
[Hu, 14.2, Theorem], from the choice of maximal tori in U and G made here, and from the resulting
interplay of root spaces, e.g., see [He, Ch. III, proof of Theorem 6.3], it follows that φ(U) = U and
φ(K) = K, and hence EP ⋉U makes sense as a subgroup of EP ⋉ G = AutM. Since EP is finite and
hence compact, so is EP ⋉U, and since U is a maximal compact subgroup of G, EP ⋉U is a maxi-
mal compact subgroup of AutM. Since M is compact, so is its isometry group [MS, §5], which by
assumption above, contains U and hence we can conclude the following.
Proposition 1.27. Given a U-invariant Ka¨hler metric on G/P = U/K, we have
U ≤ IsoO(M) ≤ EP ⋉U.
1.4.4. Projective embeddings. Let M = G/P = U/K be a flag variety as above. Then one has an
identification PicM = X (P), the latter being the character group of P. Under this correspondence,
the very ample line bundles on M correspond precisely to those characters that are anti-dominant.
Let us fix an anti-dominant character χ : P → L → C×; this yields a very ample line bundle
OχM(1) = OM(1) = G×
P,χ C and a projective embedding
ιχ : M →֒ P
(
H0
(
M,OM(1)
)∨)
= PN , with N = h0
(
M,OM(1)
)
− 1;
see, e.g., [CG, §6.1.13]. The G-action on M yields a linear one on H0
(
M,OM(1)
)
, and hence a mor-
phism of algebraic groups θ : G→ SL(N + 1) fitting into a commutative diagram
G
θ //

SLN+1C

M
ιχ
// PN
Furthermore, restricting θ to U ≤ G, the image θ(U) will lie in a maximal compact subgroup of
SLN+1(C), which we may conjugate to SU(N + 1). Therefore, we may replace the top row of the
above diagram byU
θ
−→ SU(N+ 1). Since the Fubini–Studymetric on PN is induced by a SU(N+ 1)-
bi-invariant metric on SU(N+ 1), we can conclude the same about the restricted metric on M.
Lemma 1.28. If a Ka¨hler metric on the flag variety M = U/K is obtained by pullback from a Fubini–Study
metric via a projective embedding, then it arises from a U-bi-invariant metric on U.
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1.5. Lifting actions on tori to complexifications. Let T be a compact torus of (real) dimension n with
the flat metric. We may write T = V/Λ, where V is a real vector space of dimension n and Λ ≤ V is a
rank n lattice. Then, settingVC := V⊗R C, T has a natural minimal complexification T
C = VC/Λ. Of
course, T →֒ TC is induced by V →֒ VC and the anti-holomorphic involution is induced by complex
conjugation on the C-factor of VC . Furthermore, we have a biholomorphism TC ∼= (C×)n from the
following.
Lemma 1.29. Let Λ ⊆ Cr be a rank r lattice. If Λ⊗Z C = C
r , then Cr/Λ is biholomorphic to (C×)r under
a biholomorphism mapping Λ⊗Z R to (S
1)r ⊂ (C×)r.
Proof. The assumption that Λ ⊗Z C = C
r means that a Z-basis of Λ is also a C-basis of Cr, so by
making a linear change of coordinates in Cr, one may assume this is the standard basis. In the corre-
sponding coordinates of Cr, the biholomorphism is induced by the Λ-invariant holomorphic map
(u1, . . . , un) 7→
(
e2πiu1, . . . , e2πiun
)
. 
Analogous to Corollary 1.24 and Lemma 1.26 above, we have the following.
Proposition 1.30. Let T be as above and suppose Γ is a finite group acting freely on T by isometries. Then there
exists a unique holomorphic Γ-action on TC for which the inclusion T →֒ TC is equivariant. Furthermore, this
action is algebraic with respect to the algebraic structure induced by the biholomorphism of Lemma 1.29.
Proof. Since Γ acts freely on T, X := Γ\T is a smooth flat Riemannian manifold. One has X˜ = V and
by the classical Bieberbach theorem, π1(X) = Σ⋉M, where M ≤ V is a rank n lattice and Σ ≤ O(V)
is a finite subgroup preserving M. From the sequence of Galois coverings V
Λ
−→ T
Γ
−→ X we have an
inclusion of fundamental groups ΛE Σ⋉M with Γ = (Σ⋉M)/Λ. The existence of the Γ-action on
TC comes simply from the complexified action of Σ⋉M on VC ; its uniqueness is a consequence of
Lemma 1.6. Consider the composition Σ →֒ Σ⋉M → Γ; its kernel is Σ∩Λ ≤ Σ⋉M. AsΛ is torsion-
free and Σ is a finite group, this intersection must be trivial, so we may think of Σ as a subgroup of Γ
which acts on T. It therefore preserves Λ.
To show that the Γ-action on TC is algebraic, we will fix a (Z-)basis λ1, . . . , λn of Λ to obtain an
explicit biholomorphism TC → (C×)n, as in the proof of Lemma 1.29 above,
n
∑
α=1
uαλα +Λ 7→
(
e2πiu1, . . . , e2πiun
)
,
and so we can take coordinates zα = e2πiuα on TC.
It suffices to show that the Σ- and M-actions on T induced by Γ = (Σ⋉M)/Λ, are algebraic. Let
σ ∈ Σ. Then, since σ preserves Λ as seen above, with respect to the basis λ = (λ1, . . . , λn), it has
matrix σλ ∈ GLn(Z), say σλ = (sλαβ), s
λ
αβ ∈ Z. Then one may verify that σ acts on (C
×)n by
σ · (z1, . . . , zn) =
(
n
∏
α=1
z
sλ1α
α , . . . ,
n
∏
α=1
z
sλnα
α
)
.
On the other hand, let µ ∈ M and write µ = ∑nα=1mαλα. Then one may check that the action of µ on
TC is given by
µ · (z1, . . . , zn) =
(
e2πim1z1, . . . , e
2πimnzn
)
,
which is again algebraic in the zα. In fact, we can say more: as above, the kernel of M →֒ Σ⋉M → Γ
is Λ ∩M, and since the image is finite, one has [M : Λ ∩M] < ∞. This implies that Λ ∩M is a rank
n lattice and hence also [Λ : Λ ∩M] < ∞. It follows that there exists a d ∈ Z>0 such that dλα ∈ M
for all α. Consequently, the mα above are rational numbers, and the factors e
2πimα hence are, in fact,
powers of roots of unity. 
CANONICAL COMPLEX EXTENSIONS OF KA¨HLER MANIFOLDS 11
1.6. Curvature on Ka¨hlermanifolds. We follow the conventions of [GK]. Let X be a Ka¨hler manifold
and let R be the Riemannian curvature tensor associated to the Ka¨hler metric. Then we recall that for
a (real) 2-plane π ⊆ TxX in the tangent space to X at a point x ∈ X, the sectional curvature of π is
given by
K(π) := R(u, v, u, v),
where u, v form an orthonormal basis of π. Restricting this to complex lines in TxX, i.e., subspaces
invariant under the complex structure J, we get the holomorphic sectional curvature: if σ is such a
plane and u ∈ σ a unit vector, then
H(σ) := R(u, Ju, u, Ju).
Generalising this slightly is the holomorphic bisectional curvature: if σ, σ′ are J-invariant planes,
then this is defined as
H(σ, σ′) := R(u, Ju, v, Jv),
where u ∈ σ, v ∈ σ′ are any unit vectors. Since there is no chance of ambiguity, we will sometimes
write “bisectional curvature” rather than “holomorphic bisectional curvature”.
Remark 1.31. It is clear to see that holomorphic bisectional curvature determines the holomorphic
sectional curvature, preserving signs. [GK, Equation (4)], which follows from the Bianchi identity,
states that
R(u, Ju, v, Jv) = R(u, v, u, v) + R(u, Jv, u, Jv)
so that the sectional curvature also determines the bisectional curvature, also preserving signs. In par-
ticular, if X has non-negative sectional curvature, then it also has non-negative bisectional curvature.
With a little bit more work, one can show that in fact holomorphic sectional curvature determines the
curvature tensor completely, but we will not need this.
Of course, greatly facilitating our main results is Mok’s solution to the generalised Frankel conjec-
ture.
Theorem 1.32 ([M, Main Theorem, p.179]). Let (X, h) be an n-dimensional compact Ka¨hler manifold of
non-negative holomorphic bisectional curvature and let (X˜, h˜) be its universal covering space, equipped with
the pullback Ka¨hler metric. Then there exist non-negative integers k, N1, . . . ,Nℓ and irreducible compact
Hermitian symmetric spaces M1, . . . ,Mp of rank ≥ 2, such that as a Ka¨hler manifold (X˜, h˜) is isomorphic
(i.e., isometrically biholomorphic) to
(Ck, g0)× (P
N1 , θ1)× · · · × (P
Nℓ , θℓ)× (M1, g1)× · · · × (Mp, gp),(1.33)
where g0 denotes the Euclidean metric on C
k, g1, . . . , gp are canonical metrics on M1, . . . ,Mp, and θi, 1 ≤
i ≤ ℓ, is a Ka¨hler metric on PNi having non-negative holomorphic bisectional curvature.
Remark 1.34 (Uniqueness of Ka¨hler forms on irreducible compact Hermitian symmetric spaces). By
the classification of irreducible compact Hermitian symmetric spaces [He, §X.6.3], any such M is a flag
variety G/P, where G is a simple algebraic group and P ≤ G is a maximal parabolic subgroup. This
implies that H2(M,C) = H1,1(M) is 1-dimensional. One may also express M = U/K as a quotient of
compact Lie groups, as in Section 1.4.2 above; the Ka¨hler metric on M in this realisation arises from
an Ad(K)-invariant inner product3 on u/k. By the irreducibility assumption there is only one such
up to a positive scalar multiple. On the other hand, any G-equivariant holomorphic embedding of M
into the complex projective space PV associated with a unitary U-representation space V provides it
with a U-invariant Ka¨hler metric that is induced by a U-bi-invariant metric on U, as we have seen in
Lemma 1.28. This metric will differ from the given one only by a positive scalar multiple.
3In fact, the inner product is induced by the Killing form of U.
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1.7. Adapted complex structures. Given a complete real analytic Riemannian manifold (M, g), there
exists a unique complex structure on an open neighbourhood of the zero section of the tangent bundle
TM such that for a geodesic γ : R → M, the map ψγ : C → TM given by
ψγ(σ+ iτ) = τγ˙(σ)
is holomorphic, where the right side means scalar multiplication. This complex structure was in-
troduced in [LS] and [GS], arising from the study of solutions to the homogeneous Monge–Ampe`re
equation. There exists an R ∈ R>0 ∪ {∞}, and a maximal such, such that if
TRM := {v ∈ TM | g(v, v) < R2},
then the complex structure is defined in TRM, see [LS, Theorem 3.1]; TRM is often referred to as the
Grauert tube of M. Furthermore, a bound for the sectional curvature of g can be given in terms of R
[LS, Theorem 2.4, 4.2]; in particular, if R = ∞, in which case one says that M has entire Grauert tube,
the sectional curvature of (M, g) has to be non-negative.
In the above, we have discussed the adapted complex structure associated to (M, g) as living on
the tangent bundle TM, but as the metric g always induces a diffeomorphism (indeed, in our case,
a real-analytic isomorphism, as g is assumed to be so) from TM to T∗M, we may also think of it as
living on the cotangent bundle. Furthermore, as described in [GS, §5], the natural symplectic form on
T∗M is compatible with this complex structure on T∗M in some neighbourhood of the zero section.
We mention this, since in what follows, it will be more natural for us to consider cotangent bundles
rather than tangent bundles, and so when we speak of the adapted complex structure on such, this is
what we will mean.
1.8. Big vector bundles. Modulo our convention for projective bundles, the following is standard.
Definition 1.35. Let X be a compact complex manifold of dimension n. We say that a line bundle L
over X is big if its Kodaira–Iitaka dimension κ(X, L) is equal to n, see [La, Definition 2.1.3]; equiv-
alently, L is big if there exists a C > 0 such that h0(X, L⊗m) ≥ C · mn for all sufficiently large and
divisible m, [La, Lemma 2.2.3].
We say that a vector bundle E over X is big if the line bundle OPE∨(1)
4 over the projectivisation
PE∨ is big, see [La, Example 6.1.23]. Note that this is sometimes referred to in the literature as “L-big”
(e.g., [J, Definition 1.4]).
Lemma 1.36. Let X and Y be compact complex manifolds, f : Y → X a finite e´tale cover and suppose that
ΘX is big. Then ΘY is also big.
Proof. The fibre product PΩ1X ×X Y may be identified with P f
∗Ω1X , and since f is e´tale, we further-
more have f ∗Ω1X = Ω
1
Y. So we obtain a cartesian diagram
PΩ1Y
F //

PΩ1X

Y
f
// X.
In addition, we observe that F∗O
PΩ1X
(1) = O
PΩ1Y
(1). Consequently, O
PΩ1Y
(1) has a linear subsystem
of maximal Kodaira–Iitaka dimension and is therefore big. 
4Recall our convention in Remark 1.14.
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2. CANONICAL EXTENSIONS OF KA¨HLER MANIFOLDS
2.1. Definition of the canonical extension. Let X be a Ka¨hler manifold with Ka¨hler form ω. Then
the corresponding Ka¨hler class [ω] ∈ H1,1(X) ∼= H1(X,Ω1X)
∼= Ext1(OX,Ω
1
X) defines an extension of
vector bundles
0 −→ Ω1X −→W −→ OX −→ 0(2.1)
as a special case of the exact sequence written in Equation (1.9). We will define the canonical exten-
sion of X with respect to [ω] as Z[ω], using the notation of Section 1.3. In case the Ka¨hler class is
fixed, the extension is sometimes denoted by ZX .
Of course, the Ka¨hler form itself gives a Dolbeault representative for the extension class [ω] ∈
H1(X,Ω1X). Then upon choosing local primitives ρi ∈ A
1,0(Xi) with ∂¯ρi = ω|Xi , Lemma 1.15(a)
implies that these patch together to give a differentiable section
ρω : X → Z[ω](2.2)
of π : Z[ω] → X. The same statement allows us to realise this (in the Dolbeault realisation of the
extension given in Equation (2.1)) as the section (0, 1) of Ω1X ⊕OX , but viewed with the holomorphic
structure arising from ω, cf. Equation (1.10)).
Theorem 2.3 (Totally real embedding defined by Ka¨hler form). The section ρ := ρω : X → Z[ω] is a
totally real embedding. Moreover, if ω is real analytic, then ρω is also real analytic.
Proof. This is of course a local question, so we may work over a coordinate chart U. Given a point
p ∈ U, as ω is a Ka¨hler form, we may consider holomorphic geodesic coordinates z1, . . . , zn for ω
centred at p, e.g., see [V, Prop. 3.14], so that in these coordinates ω has an expression
ω =
i
2
n
∑
p=1
dzp ∧ dz¯p +O(|z|
2).
Then an expression for ρ in the same coordinates reads
ρ =
1
2i
n
∑
p=1
(
z¯p + tp(z) +O(|z|
3)
)
dzp,
where the tp are locally defined holomorphic functions. We think of this as a map ρ : U → U ×Cn:
z 7→
(
z, z¯1 + t1(z) +O(|z|
3), . . . , z¯n + tn(z) +O(|z|
3)
)
.
With this, it is not hard to compute directly that JU×Cn ◦ dρx(TxU) ∩ dρx(TxU) = {0}; i.e., the image
of ρω is totally real, as claimed.
For the statement about analyticity, one should recall that the proof of the Dolbeault lemma for
(1, 1)-forms involves integrating locally, and if one starts with a real analytic form, integrating will
also yield one. Furthermore, any two primitives differ by an element of the kernel of ∂¯, hence a
holomorphic form. Thus, any primitive will be real analytic if ω is. 
Remark 2.4. If two Ka¨hler forms differ by a positive constant, the two resulting canonical extensions
are canonically isomorphic as affine bundles, via an isomorphism mapping the image of the canonical
section to the image of the canonical section. If the Ka¨hler classes of two Ka¨hler forms differ by
a positive constant, the resulting canonical extensions are isomorphic as affine bundles, while the
Ka¨hler forms will, in general, give different totally real sections.
Corollary 2.5 (Minimal complexification defined by Ka¨hler form). If ω is real analytic, there exists a
basis of Stein neighbourhoods Ωε ⊂ Z[ω] of ρω(X) in Z[ω] such that each Ωε is a minimal complexification of
X admitting a surjective, holomorphic map π|Ωε : Ωε → X.
Proof. By Theorem 2.3, the assumptions of Theorem 1.4 are fulfilled for ρω : X → Z[ω]. 
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Remark 2.6 (Real analytic representatives exist). We emphasise that by Proposition 1.7, every Ka¨hler
class a ∈ H1,1(X) contains a real analytic representative ω, to which the above construction can be
applied to yield a corresponding minimal complexification.
To our knowledge, the above construction first appeared in somewhat different form in [Se, §8]
in a study of the complex Monge–Ampe`re equation; this perspective is taken up again in [Le, §6],
which looks at the geometry of spaces of Ka¨hler metrics.5 The spaces Z[ω] were also considered in
[Do, §2], where it was shown that Z[ω] admits a global holomorphic symplectic form Θ and that the
embedding ρω is Lagrangian with respect to the real part of Θ and symplectic with respect to the
imaginary part.
2.2. Basic properties. We will see later in Section 3 that for compact Ka¨hler manifolds, non-negative
bisectional curvature is a sufficient condition for the canonical extension itself to be a Stein manifold.
It is not true that it is always Stein (see Example 3.6), however, it always possesses the following
property of Stein manifolds.
Proposition 2.7. Suppose that (X,ω) is compact Ka¨hler and let Z = Z[ω] be its canonical extension with
respect to [ω]. Then the only compact analytic subsets of Z are 0-dimensional.
Proof. We give the proof assuming that T ⊆ Z is a connected, compact, complex submanifold, the case
of an (irreducible) singular analytic subset T ⊆ Z can be handled using a(n embedded) resolution
T˜ → T such that T˜ is a compact Ka¨hler manifold.
Since Z is an affine bundle over X, the intersection of each fibre of π : Z → X with T is a compact
analytic subspace of an affine space, so is a finite set of points. Thus the induced proper map f : T →
X is a finite morphism, and therefore an e´tale covering onto its image away from the ramification
locus. Therefore, the pullback f ∗ω is positive away from this proper analytic subset of T and hence,
if k = dimC T, one has
(2.8)
∫
T
f ∗ωk > 0.
Recall from Lemma 1.16(a) that Z is an open complex submanifold of PW. As X is Ka¨hler, the latter
is a Ka¨hler manifold, hence Z itself is Ka¨hler, and finally we conclude that T is a compact Ka¨hler
manifold. Now, the extension class [π∗ω] ∈ H1(Z,π∗Ω1X) is trivial, and hence so is the extension
class obtained by restriction to T; i.e., we have
0 = [π∗ω]|T = [ f
∗ω] ∈ H1(T, f ∗Ω1X).
Using the map H1(T, f ∗Ω1X) → H
1,1(T) induced by the pullback map d f : f ∗Ω1X → Ω
1
T and the
Dolbeaut isomorphism, we conclude that f ∗ω is a ∂¯-exact (1, 1)-form on T. Since T is compact Ka¨hler,
the ∂∂¯-lemma hence implies that f ∗ω is d-exact, from which we conclude that
∫
T f
∗ωk = 0, unless
k = 0. From this and Equation (2.8) above we conclude that k = 0, as claimed. 
The canonical extensions constructed above enjoy the following universal property.
Proposition 2.9. Let X be a Ka¨hler manifold with Ka¨hler form ω and let ZX = Z[ω] be the corresponding
canonical extension. Suppose T is a Stein manifold with a holomorphic map p : T → X. Then the pullback
of the extension (2.1) to T splits, and every splitting induces a holomorphic map φ : T → ZX over X, i.e., a
holomorphic map making the following diagram commutative,
T
φ //
p   ❆
❆❆
❆❆
❆❆
❆ ZX
π

X.
5We thank La´szlo´ Lempert for bringing this historical point to our attention.
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Proof. We note that if T is Stein, then clearly H1(T, f ∗Ω1X) = 0, so that the pullback of the extension
class is trivial. The claim therefore is just Lemma 1.16(c) in the case V = Ω1X. 
The following will be useful in determining canonical extensions in particular examples.
Lemma 2.10. (a) Let (X,ωX) and (Y,ωY) be Ka¨hler manifolds. Then there is an isomorphism α : ZX×Y
∼
−→
ZX × ZY of affine bundles over X× Y such that the diagram
ZX×Y
α //
""❊
❊❊
❊❊
❊❊
ZX × ZY
zz✈✈✈
✈✈
✈✈
✈
X× Y
ρ
ZZ
ρX×ρY
BB
commutes, where ρ is the section arising from the form p∗XωX + p
∗
YωY, with pX and pY the respective
projections.
(b) Suppose that π : Y → X is a locally isometric holomorphic covering map of Ka¨hler manifolds. Then ZY
and ZX are related by a cartesian diagram as follows,
ZY
Π //

ZX

Y
π
// X
.
In particular, Π is also a holomorphic covering. If π is a Galois covering with group Γ, then so is Π.
Moreover, the section induced by the Ka¨hler form on Y is given by pullback of the section induced by the
Ka¨hler form on X.
Proof. The first statement is clear from the fact that the Ka¨hler form on X × Y is the sum of the re-
spective pullback from X and Y. The second comes from Lemma 1.16(b): since π is a covering,
π∗Ω1X = Ω
1
Y and the fact that it is locally isometric means that π
∗ωX = ωY. This equation also yields
the last claim of the lemma. 
2.3. Examples I: Flat metrics on Euclidean space and complex tori.
2.3.1. Euclidean space. We consider Cn with the flat metric, so that the associated Ka¨hler form is the
standard one given by
(2.11) ω =
i
2
n
∑
p=1
dzp ∧ dz¯p,
for a choice of global coordinates z1, . . . , zn.
We wish to give here a description of the canonical extension Z = ZCn of C
n. Of course, since
H1(Cn,Ω1
Cn
) = 0, by Lemma 1.15, we will have Z ∼= |Ω1Cn |
∼= C2n. However, the isomorphism is
non-trivial and will be important when we look at complex tori, so we go through the computation
here. The extension (1.9) for Ω1
Cn
is 0→ Ω1
Cn
→W → OCn → 0, and over C
n, we have a global frame
dz1, . . . , dzn for Ω
1
Cn
and 1 for OCn . The holomorphic structure onW is given by (1.10):
∂¯W =
[
∂¯Ω ω
0 ∂¯O
]
.
Therefore,W has a holomorphic frame given by
(dzp, 0) 1 ≤ p ≤ n,
(
i
2
n
∑
p=1
z¯p dzp, 1
)
.
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Thus, global coordinates on the total space ofW are given by
(z,w1, . . . ,wn, y) 7→
(
z,
n
∑
p=1
(
wp +
i
2
yz¯p
)
dzp, y
)
.
The affine bundle Z = ZCn is the submanifold where y = 1, so this has global coordinates
(z,w) 7→
(
z,
n
∑
p=1
(
wp +
i
2
z¯p
)
dzp
)
.
If we started with coordinates (z, u) on |Ω1
Cn
|, say
(z, u)↔
(
z,
n
∑
p=1
up dzp
)
,
then we have
wp = up −
i
2 z¯p.(2.12)
The section of Z → Cn given by Lemma 2.2 corresponding to ω is
z 7→ −
i
2
n
∑
p=1
z¯p dzp.
In the holomorphic coordinates (z,w), this is z 7→ (z,w = − i2 z¯), and so it is easy to see that this is a
totally real embedding.
2.3.2. Complex tori. Suppose now that X is a complex torus of dimension n so that X = Cn/Λ for
some full rank lattice Λ ∼= Z2n in Cn. We consider X as a Ka¨hler manifold by endowing it with flat
metric induced from the Λ-invariant metric (2.11) on Cn.
Proposition 2.13. For a complex torus X of dimension n and the flat metric ω, the canonical extension
ZX = Zω is biholomorphic to (C
×)2n. In particular, it is a Stein manifold. Moreover, the biholomorphism
maps the image of the section induced by the Ka¨hler form to the set of real points (S1)2n ⊂ (C×)2n.
Proof. By Lemma 2.10(b), the canonical extension ZX is the quotient of the canonical extension ZCn
by an induced action of Λ which is described as follows. As the action of Λ on Cn is by translation,
the induced action on the cotangent bundle Ω1
Cn
is simply λ · (z, u) = (z + λ, u). In terms of the
holomorphic coordinates (2.12) on ZCn , we get λ · (z,w) =
(
z+ λ,w− i2 λ¯
)
. Hence, this action of Λ
generates the lattice in Z ∼= C2n given by
(2.14) Λ̂ :=
{(
λ,− i2 λ¯
)
| λ ∈ Λ
}
.
We claim that
Λ̂⊗Z C = C
2n.(2.15)
In order to see this, choose a Z-basis λ1, . . . , λ2n of Λ and let Π ∈ Mn×2n(C) denote its matrix with
respect to the standard basis of Cn. We note that complex conjugation is with respect to the standard
basis in the sense that the standard basis vectors are invariant under conjugation. By [BL, Proposition
1.1.2], since Π arises from a lattice yielding a complex torus, we have[
Π
Π
]
∈ GL2n(C);
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the argument simply uses the fact that the columns of Π are linearly independent over R. But the
matrix of Λ̂ with respect to the standard basis of C2n is[
Π
− i2Π
]
=
[
In 0
0 − i2 In
] [
Π
Π
]
∈ GL2n(C).
This proves our claim (2.15) and so we may conclude that ZX is biholomorphic to (C
×)2n by applying
Lemma 1.29.
The set of real points (S1)2n ⊂ (C×)2n is precisely the image of Λ̂ ⊗Z R in Λ̂⊗Z C/Λ̂. But then
comparing the expression for the section (2.12) and the definition of Λ̂ (2.14), we see that these will
have the same image. 
Remark 2.16. One observes that the biholomorphism ZX ∼= (C
×)2n is not algebraic.
2.3.3. Some remarks on abelian varieties. The results of [BHR] allows us to make the following observa-
tion.
Proposition 2.17. Let A be a complex abelian variety endowed with the flat metric. Then, as an algebraic
affine bundle, ZA is isomorphic to the de Rham moduli spaceMdR = MdR(A, 1) of flat rank 1 connections
on the dual abelian variety A∨ = Pic0 A.
Remark 2.18. By [BHR, Proposition 4.1],MdR admits no non-constant algebraic functions. This im-
plies that ZA cannot be an affine variety. On the other hand, supposing dim A = n, we know
that MdR is biholomorphic to the space MB, which parametrises 1-dimensional representations of
π1(A) ∼= Z
2n; thusMB ∼= (C
×)2n. Of course, we also knew that ZA and (C
×)2n were biholomorphic
from Proposition 2.13. In the case A is an elliptic curve, this is the famous example, attributed to
Serre, of an algebraic variety which is not affine, but whose underlying complex manifold is Stein.6
One could also consider A with a Ka¨hler metric arising from a projective embedding (see Section
2.4 below). It will again be true that the resulting ZA cannot be an affine variety; indeed, this follows
from Corollary 4.4 and the fact that ΘA is trivial, as a trivial vector bundle over a base of positive
dimension cannot be big.
Proof of Proposition 2.17. We may write A = V/Λ for some n-dimensional vector space V and a full
rank lattice Λ ⊆ V. The flat metric on A is induced from that on V: if ϕ1, . . . , ϕn ∈ V
∨ is a basis
of the dual space, then the hermitian metric h is h = ∑nα=1 ϕα ⊗ ϕα ∈ V
∨ ⊗ V
∨
. Now, it is well-
known (e.g., by [BL, Thm. 1.4.1(b)]) that we have canonical identifications H1,1(A) = H1(A,Ω1A) =
H1(A,OA)⊗V
∨ = V
∨
⊗V∨. Since h : V → V
∨
gives an isomorphism, we may use it to identify
H1,1(A) = V ⊗V∨ = EndV,(2.19)
and under this isomorphism, h corresponds to IdV . Typically, we use the corresponding Ka¨hler form
ω = i2 ∑ ϕα ∧ ϕα, but, up to scalars, this also yields the identity. The Picard variety Pic
0 A of A can be
explicitly described as the dual complex torus A∨ = V
∨
/Λ∨ [BL, §2.4], where
Λ∨ = {ϕ ∈ V
∨
| 〈ϕ, λ〉 ∈ Z ∀λ ∈ Λ}.
Let us consider the moduli space M of pairs (L,∇), where L is a line bundle on A∨ and ∇ is a
λ-connection7 on L. In the case λ = 0, we make the further assumption that L ∈ A = Pic0 A∨; if
λ 6= 0, this must necessarily hold [BHR, §2]. Forgetting the λ-connection, the map (L,∇) 7→ L yields
a morphism M → A, and this is in fact a vector bundle which is an extension of OA by the trivial
bundle with fibre H0(A∨,Ω1A∨). From [BHR, (2.4)],
8we see that there is a short exact sequence
(2.20) 0→ A× H0(A∨,Ω1A∨) →M→ OA → 0.
6This appears to be first written down in detail in [Ha1, §6.3, pp. 232–235] and is later clarified in [Ne, §7].
7We refer the reader to [BHR, §2] for a review of λ-connections.
8Note that we have interchanged A and A∨ in their notation.
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There is a canonical identification H0(A∨,Ω1A∨) = V and again, using the identification V = V
∨
coming from the metric h, we may also identify V with V∨, hence H0(A∨,Ω1A∨) = V = V
∨ =
H0(A,Ω1A), and therefore the sequence given in Equation (2.20) may be identified with
0→ Ω1A →M→ OA → 0.(2.21)
[BHR, Lemma 2.1] now states that the extension class for this sequence is −IdV , when we use the
identification in (2.19). Now, the fibre over 1 in (2.21) is the moduli spaceMdR = MdR(A, 1) of flat
rank 1 connections on A, but then this means that, algebraically, ZA ∼=MdR. 
2.4. Examples II: Flag varieties. We begin here by explaining how, for a smooth projective variety
X embedded in PN , the extension sequence (2.1) is related to the Euler sequence for PN , and to the
Atiyah sequence for the C×-bundle coming from the line bundle OPN (1)|X. After this, we specialise
the discussion to the case of flag varieties.
Let X be a smooth complex projective variety. Then upon fixing a projective embedding X →֒ PN ,
X obtains a Ka¨hler structure ω by restricting the Fubini–Study form ωFS on P
N : ω := ωFS|X . As
usual, we let OX(1) := OPN (1)|X. In this setup we have the following relation between the canonical
extension induced by ω and the restricted line bundle OX(1).
Lemma 2.22. For a smooth projective variety X, with Ka¨hler structure arising from a projective embedding,
the canonical extension (2.1) is the dual of the Atiyah sequence associated to the C×-bundle underlying the
very ample line bundle OX(1).
Proof. Of course, ωFS is the curvature form of the standard metric on OPN (1), which restricts to a
metric with curvature form ω = ωFS|X on OX(1). The Chern connection of the induced metric on
OX(1) is of type (1, 0) and of course yields a connection on the underlying C
×-bundle with the same
curvature form. By [At, Prop. 4, p.191], the extension class of this curvature form is that of the Atiyah
sequence, which justifies the claim. 
Now, let M = G/P = U/K be a flag variety; we revert to the notation of Section 1.4, so that, in
particular,G, P, L,U, and K have the meaning given there. Furthermore, wewill let g and p denote the
Lie algebras of G and P, respectively. Let us choose a projective embedding M →֒ PN; equivalently,
we choose a character χ : P → L → C× strictly anti-dominant for P or a very ample line bundle
OM(1). As mentioned above, this choice yields a Ka¨hler structure on M.
Proposition 2.23. Let M = G/P be a flag variety endowed with the Ka¨hler structure arising from a choice
of projective embedding. Then the canonical complexification ZM is biholomorphic over M to the smooth affine
variety G/L, with the projection map from the latter being the canonical one, G/L → G/P = M. In
particular, ZM is a Stein manifold. Furthermore, the biholomorphism may be taken so that the canonical
section M→ ZM corresponds to the natural inclusion U/K → G/L.
Remark 2.24. If a, a′ ∈ H1(M,Ω1M) are non-proportional ample classes arising from (necessarily dif-
ferent) equivariant projective embeddings of M, the corresponding spaces Za,Za′ are not isomorphic
as affine bundles. Thus, if we take the composition of the biholomorphism Za → G/L provided by
Proposition 2.23 with the inverse of Za′ → G/L, while fibre-preserving, it will not in general preserve
the affine-linear structure of the fibres.
Proof of Proposition 2.23. By Proposition 2.22 the canonical extension (2.1) for M is obtained as the dual
of the Atiyah sequence for Q. It is explained in [BW, §4.3] that this Atiyah sequence is the sequence
of vector bundles associated to a sequence of P-representations
0→ (g/p)∨ → w→ C → 0,(2.25)
where C denotes the trivial 1-dimensional P-representation. If a ⊆ w is the preimage of 1 ∈ C, then a
is a P-invariant affine subspace of wmodelled on the P-representation (g/p)∨ and
ZM = G×
P a.
CANONICAL COMPLEX EXTENSIONS OF KA¨HLER MANIFOLDS 19
Furthermore, there is an element ν0 ∈ a which has stabiliser precisely L, and the G-equivariant mor-
phism G/L → ZM = G×
P a given by g 7→ [g, ν0] is an isomorphism, see [BW, Proposition 4.20]. Of
course, the projection map ZM → M is simply the canonical projection G/L→ G/P.
Now, if we use the realisation M = G/P = U/K of Section 1.4.2, then considering (2.25) as a se-
quence of K-representations, noting K ≤ P, the corresponding sequence of vector bundles associated
to the K-bundle U → M = U/K yields the (C∞-version) of (2.1) for M. But now, since K is compact,
(2.25) splits as a sequence of K-modules. On the other hand, we obtain a section of ZM from the
(totally real) inclusion
(2.26) U/K →֒ G/L
given by (1.25). Now, under the K-splitting w = (g/p)∨ ⊕ C, since ν0 ∈ a, the image of this section
in C is 1, so it must go to an element of the form (τ0, 1) ∈ (g/p)
∨ ⊕ C for some τ0 ∈ (g/p)
∨. This τ0
yields a (real analytic) section ofU×K (g/p)∨ ∼= Ω1M, hence τ0 is a K-invariant element of (g/p)
∨. But
since χ was chosen to be strictly anti-dominant, (g/p)∨ has no trivial sub-K-representations, hence
τ0 = 0.
It follows that the section M → ZM induced from the inclusion (2.26) corresponds to the section
(0, 1) of Ω1M ⊕ OM, under the splitting arising from the K-splitting of (2.25). Thus, from Lemma
1.15(a), this yields the canonical section (arising from the Ka¨hler form). 
Together with the discussion in Remark 1.34 the previous result yields
Corollary 2.27. Let M = G/P be an irreducible Hermitian symmetric space with the symmetric metric.
Then, the canonical complexification ZM is biholomorphic over M to the smooth affine variety G/L, with
the projection map being the canonical one G/L → G/P = M. In particular, ZM is a Stein manifold.
Furthermore, the isomorphism can be chosen so that the canonical section M → ZM corresponds the natural
inclusion U/K →֒ G/L.
3. NON-NEGATIVE HOLOMORPHIC BISECTIONAL CURVATURE
In this section, we consider the canonical extensions for compact Ka¨hler manifolds of non-negative
bisectional curvature. With the help of a structural result, which we prove first, we can relate this class
of manifolds and hence their extensions to the ones already considered in previous sections.
3.1. Structure theory. The rough structure of compact Ka¨hler manifolds with non-negative bisec-
tional curvature is given by the following result, cf. [CDP].
Proposition 3.1. Let (X,ω) be a compact Ka¨hler manifold of non-negative bisectional curvature.
(a) Let π := π1(X). Then if we take the universal cover X˜ as in (1.33), π acts freely on the factor of C
k, so
that R := Ck/π is a flat (compact) Ka¨hler manifold. If we let M be the product of the other factors, so that
M is a flag manifold carrying a Ka¨hler metric of non-negative bisectional curvature, then
X = Ck ×π M
which is a locally trivial fibre bundle over R with locally constant transition functions acting by Ka¨hler
isometries on M.
(b) There is a finite Galois cover of R by a (flat) complex torus T, say with π1(T) =: Ξ a lattice in C
k, with
Ξ acting on M via the connected component of its Ka¨hler isometry group, such that we have a cartesian
diagram
Ck ×Ξ M //

X

T // R.
(3.2)
In particular, Ck ×Ξ M → X is a finite Galois cover (with the same group as T → R).
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Remark 3.3. It is furthermore true that the fibre product T×R X = C
k ×Ξ M is diffeomorphic (indeed,
real-analytically isomorphic) to the product T × M. In fact, in the proof of Theorem 3.9 we will
construct an explicit such isomorphism (depending only on the action of Λ on M), so a justification
of this fact will be deferred until then.
Proof. In the following, for a Ka¨hler manifold (Y, gY)we denote by IsoO(Y) the corresponding group
of holomorphic isometries (i.e., the intersection of the holomorphic automorphism group with the
isometry group).
Our first observation is that if g is any Ka¨hler metric on a simply-connected, compact complex
manifold Y with h1,1(Y) = 1, then the holonomy representation of (Y, g) is irreducible. Otherwise,
the de Rham decomposition would give a non-trivial factorisation (Y, g) ∼= (Y1, g1) × (Y2, g2), via a
holomorphic isometry, with both Y1 and Y2 compact (see [Be1, §1 The´ore`me, p. 756] and following
remark). The latter statement about compactness implies that h1,1(Yi) 6= 0, since the Ka¨hler metric
gi yields a non-trivial class in H
1,1(Yi); but then one would have h
1,1(Y) = h1,1(Y1) + h
1,1(Y2) ≥ 2,
contradicting our assumption. In particular, by Remark 1.34, each of the non-Euclidean factors in the
decomposition (1.33) provided by Theorem 1.32 has irreducible holonomy, and hence (1.33) is a de
Rham decomposition.
Our argument now follows the proof of the Bogomolov–Beauville structure theorem for compact
Ka¨hler manifolds with vanishing first Chern class [Be1, The´ore`me 1]. LetM denote the compact factor
∏i P
Ni ×∏j Mj in (1.33), together with the metric on it described by Theorem 1.32, and consider
the action of π := π1(X) on X˜ = C
k × M. By the uniqueness of the de Rham decomposition (see
[Be1, Remarque, p. 757]), one concludes that every element of IsoO(C
k ×M) is of the form g× h for
g ∈ IsoO(C
k), h ∈ IsoO(M). We may therefore realise π as a subgroup of IsoO(C
k)× IsoO(M).
Let Σ ≤ π be the subgroup of elements of the form IdCk × h for some h ∈ IsoO(M), i.e., Σ is the
kernel of the action of π on Ck via the homomorphism IsoO(C
k)× IsoO(M) → IsoO(C
k). Then we
note that π/Σ ≤ IsoO(C
k) acts on Ck with compact quotient, so by the classical Bieberbach theorem,
π/Σ ∼= Λ⋊Φ, where Λ ≤ Ck is a full rank lattice (i.e., Λ ∼= Z2k and Λ⊗Z R ∼= C
k) and Φ is a finite
group of isometries. Furthermore, Σ must act freely on M; but by Proposition 1.22, no non-trivial
group does so. It follows that Σ = {1} and hence π ∼= Λ⋊Φ. Therefore, π acts freely on Ck, which
proves (a) as well.
Take a basis λ1, . . . , λ2k of Λ. These act on M via the compact group IsoO(M); since the quotient
IsoO(M)/ IsoO(M)
◦ is a finite group, there are di ∈ Z>0, 1 ≤ i ≤ 2k, such that diλi ∈ IsoO(M)
◦.
Consider the sub-lattice Λ′ ≤ Λ spanned by the diλi; then taking the intersection of all the Φ-orbits
of elements in Λ′, we obtain a Φ-invariant sub-lattice Ξ ≤ Λ′ ≤ Λ. By construction, Ξ acts on M via
IsoO(M)
◦. It is straightforward to see that diagram (3.2) is indeed cartesian. Thus, (b) is proved. 
3.2. Steinness of canonical extensions. Let M = G/P = U/K be a flag variety endowed with an
invariantmetric coming froman equivariant projective embedding, let T be a complex torus endowed
with a flat metric, let Ξ = π1(T) be its fundamental subgroup, and suppose that Ξ acts on M via a
homomorphism to U = IsoO(M)
◦ ≤ G = Aut(M). Then the associated bundle
Y := Ck ×Ξ M
is a compact Ka¨hler manifold which is the total space of a fibre bundle over T with fibre M andwhose
transition functions may be taken to be locally constant.
Using the structural result obtained in the previous section as well as the information already
gathered on canonical extensions of tori and flag manifolds, we are now in a position to prove the
following.
Theorem 3.4. Suppose a compact Ka¨hler manifold X admits a finite Galois covering isometrically biholomor-
phic to a fibre bundle Y = Ck ×Ξ M of the kind described in the preceding paragraph. Then, the canonical
extension ZX is Stein. In particular, the conclusion holds for a compact Ka¨hler manifold X endowed with a
Ka¨hler metric of non-negative bisectional curvature.
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Proof. By Lemma 2.10(b), since the bottom row of diagram
ZCk×M = ZCk × ZM
//

ZY

Ck ×M // Y
is covering with Galois group Ξ, so is the top row. Since Ξ acts on ZCk freely with quotient ZT by
Lemma 2.10(b), we see that ZY is a fibre bundle over ZT with fibre ZM. Now, we may consider ZCk
as a principal Ξ-bundle over ZT . Since the action of Ξ on M is given by a homomorphism Ξ →
U ≤ G, we may consider the principal G-bundle over ZT obtained by extension of structure group
P := ZCk ×
Ξ G. Then one has ZY ∼= P ×
G ZM; hence we have a holomorphic fibre bundle whose
structure group G is a connected complex Lie group and a whose base ZT and fibre ZM are Stein
(Propositions 2.13 and 2.23). We can therefore conclude that the total space ZY is Stein by applying
the classical theorem of Matsushima–Morimoto, [MM, The´ore`me 6].
Again by Lemma 2.10(b), since Y → X is a finite Galois covering, so is ZY → ZX . Since ZY is Stein,
we can conclude the same of ZX , for example, by averaging an exhaustion function on ZY so that it
descends to ZX . This proves the first part of the statement.
With the assumption that X is of non-negative bisectional curvature, Proposition 3.1(b) says that
X has a finite Galois cover of the form Y = Ck ×Ξ M. However, the metric on M is not necessarily
induced from a projective embedding. From Theorem 1.32, we know that M = ∏Mi is a product
of irreducible flag varieties Mi, each carrying a metric of non-negative bisectional curvature. If Mi
is an irreducible compact Hermitian symmetric space of rank ≥ 2, Remark 1.34 implies that the
corresponding canonical extension (2.1) is isomorphic to that obtained from a projective embedding
as in Section 2.4 above. Furthermore, if Mi is a projective space P
N with some metric of non-negative
bisectional curvature, then since h1,1(PN) = 1, the extension classes corresponding to that metric and
the Fubini–Study metric yield isomorphic canonical complex extensions by Remark 2.4; therefore,
we may as well assume that the metric on M comes from a projective embedding, since we are only
concerned with the biholomorphism type and the action of G on ZM. We may then conclude by the
arguments above. 
Remark 3.5. Another possible proof of the second part of the above theorem, where the bisectional
curvature of X is assumed to be non-negative, was suggested to us by La´szlo´ Lempert. The metric on
X induces one on the contangent bundle and hence defines a length function h on the total space T∗X.
One can then compute ∂∂¯ of this function with respect to the complex structure yielding Z and one
sees that it is strictly plurisubharmonic on a neighbourhood of the section ρ (which is the zero section
upon identifying Z = T∗X as smooth manifolds). Furthermore, h will be strictly plurisubharmonic
on the entirety of Z if and only if X has non-negative bisectional curvature. Thus, one would obtain
a strictly plurisubharmonic exhaustion function on Z and could thereby conclude it is Stein.
The following example shows that without the curvature condition the canonical extension is not
necessarily Stein.
Example 3.6. Let X be a compact Riemann surface, V a line bundle on X and a ∈ H1(X,V). Consider
the extension (1.9) and let S := PW. Then the ruled surface S → X admits a section σ with image
X∞ at infinity, corresponding to the inclusion PV ⊆ S or equivalently, to the surjection W∨ ։ V∨.
Clearly, this section meets each fibre once, and hence the line bundle corresponding to the divisor X∞
is OS(1); moreover, we have σ
∗(OS(1)) = V
∨, so that the self-intersection (X∞)2 = −degV; cf. [Fr,
§5, Lem. 10]. In the case that g(X) > 1, V = ΩX and a = [ω] ∈ H
1(X,ΩX) is the class of any Ka¨hler
metric on X (note that h1(X,ΩX) = 1 by Serre duality), the self-intersection of X∞ is negative by the
preceding computations, and therefore by Grauert’s criterion [Fr, §3, Thm. 20], X∞ can be contracted
to a point on a normal, compact complex space S˜ of dimension two. But then ZX = S \X∞ = S˜ \ {pt}.
But the latter admits no non-constant global holomorphic functions. Hence ZX cannot be Stein.
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Remark 3.7. It is an open question, motivated by Jouanolou’s trick in algebraic geometry and raised
for example by Campana and Winkelmann in [CW, §3], whether every compact Ka¨hler manifold
admits a holomorphic surjection p : Ω → X from a Stein manifold Ω whose fibres are individually
biholomorphic to CN (together with a real analytic section). Theorem 3.4 provides a very modest
extension of the Jouanolou result to some non-algebraic cases.
3.3. Existence of good complexifications. As mentioned in the Introduction, the question of having
affine canonical extensions is related to the existence of good complexifications. With the help of a
non-trivial result of Totaro’s [T, Lemma 3.1], we can show that manifolds of a certain class, which
includes compact Ka¨hler manifolds of non-negative bisectional curvature, indeed admit such good
complexifications.
Let B be a smooth compact manifold with universal covering space Rr and fundamental group
π := π1(B) of the form Γ⋉Λ, where Λ ≤ R
r is a rank r lattice and Γ ≤ GLZ(Λ) ≤ GLr(R) is a finite
subgroup. Let M be a smooth compact manifold and K ≤ Diff(M) a compact (but not necessarily
connected) Lie subgroup of diffeomorphisms. Let ρ : π → K be a homomorphism and let
X := Rr ×ρ M = (Rr ×M)/π, where σ • (x,m) = (σ • x, ρ(σ)(m))(3.8)
and σ ∈ π = Γ ⋉ Λ acts as an affine transformation on Rr, which gives meaning to σ • x, when
x ∈ Rr. In particular, if λ ∈ Λ, then it acts on Rr by translation, so we will often write the action
as λ • (x,m) = (x+ λ, ρ(λ)(m)). Thus, X is a locally trivial fibre bundle over B with locally constant
transition functions with fibre M. Of course, Γ itself acts on M, being a subgroup of π.
It follows from Proposition 3.1 and its proof as well as from Proposition 1.27 that if X is a compact
Ka¨hler manifold of non-negative bisectional curvature, then it is of the form just described, with M a
flag manifold.
Theorem 3.9. Let X be as in (3.8) and suppose that M admits a good complexification W such that the K-
action on M extends to an algebraic action of KC on the complex affine variety W(C). Then X admits a good
complexification. In particular, this holds if X is a compact Ka¨hler manifold with non-negative bisectional
curvature.
To prove this, we apply the following result of Totaro.
Lemma 3.10 ([T, Lemma 3.1]). Let U be a good complexification with an algebraic action of the complexifi-
cation G of a compact Lie group G(R). If G(R) acts freely on U(R), then the algebraic group G acts freely on
U, and the quotient variety U/G is a good complexification of the quotient manifold U(R)/G(R).
Proof of Theorem 3.9. To show that a compact Ka¨hler manifold of non-negative bisectional curvature
is a particular case of the first statement, we first observe that if M = G/P is a flag variety, then
W := G/L is a good complexification of M (notation as in Section 1.4.1); this is already [Ku, Theorem
5.1]. However, it can also be seen from Lemma 3.10 above, recalling that a flag variety can always
be obtained as a quotient of compact Lie groups (§1.4.2), and that every compact Lie group is a real
algebraic variety (e.g., see [OV, Theorem 5.2.12]). We also need to see that the Γ-action on M extends
to an algebraic one on W, but this becomes clear upon considering Theorem 1.21 and Proposition
1.27.
We now prove the more general statement. Let Y := Rr ×Λ,ρ M, so that Y is a finite Galois cover
of X with group Γ. By Lemma 3.10, it then suffices to show that Y admits a good complexification U
on which Γ acts algebraically.
Now, Y is a locally trivial fibre bundle over the torus T := Rr/Λ with fibre M. The next thing
to say is that for such a T, (C×)r is a good complexification, as the latter can be identified with the
C-points of the real affine variety
V := SpecR[x1, y1, . . . , xr, yr]/(x
2
1 + y
2
1 − 1, . . . , x
2
r + y
2
r − 1);
of course, T is diffeomorphic to the manifold of real points.
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As a point of notation, we will simply writeW to mean the complex affine varietyW(C) as well as
the corresponding complex manifold. Also, if M → W is written as an inclusion, then we implicitly
meanW(R) →W(C). The same goes for T and V.
Our candidate U for a good complexification of Y will be U := V ×W. Therefore it remains
to construct a diffeomorphism Y
∼
−→ (V ×W)(R) = V(R) ×W(R) = T × M and show that the
Γ-action extends to an algebraic one on V ×W. This action will not be the diagonal one: we will
now construct the diffeomorphism explicitly as the restriction of a biholomorphism of corresponding
“complexified” objects, and transport the action through this biholomorphism in order to show that
it is indeed algebraic.
Viewing Rr as a principal Λ-bundle over T, Y is then the fibre bundle associated to the homomor-
phism ρ : Λ → K ≤ Diff(M). Since Λ is abelian, ρ must factor through some torus J ≤ K, therefore
we may form the principal bundle A := Rr ×Λ,ρ J, and it is clear that Y = A×J M.
For the “complexified” version, we again have fibre bundles over the base Cr/Λ and we observe
that it is straightforward to write down a biholomorphism Cr/Λ→ V so that
Rr/Λ //

T

Cr/Λ // V
commutes; we will thus often identify Cr/Λ = V. The “complexified” version of Y will be Z :=
Cr ×Λ,ρW.9 Observe that since π, and so Γ, acts on Rr via affine transformation (3.8), there is an obvi-
ous extension of the action to Cr. Furthermore, by assumption KC acts algebraically onW, extending
the K-action on M, and since ρ : π → K ≤ KC, the π- and Γ-actions onW are algebraic. Thus, we ob-
tain an action of Γ on Z, given by the same expression as in (3.8). Let S := JC and set Q := Cr ×Λ,ρ S,
which is a principal S-bundle over V (so that this is the “complexified” version of A). Explicitly, Q is
the quotient of Cr × S by the Λ-action on Cr × S given by
λ • (v, s) =
(
v+ λ, ρ(λ)s
)
.
We denote the class of (v, s) ∈ Cr× S in Q by [v, s]. Using the inclusions Rr →֒ Cr, J ≤ S and M →֒W,
we have inclusions
A →֒ Q and Y →֒ Z,(3.11)
noting that Rr × J is a Λ-invariant subspace of Cr × S. With these relations, we will use the same
notation for points of A that we introduced above for Q. As above, since S = JC ≤ KC , S acts
algebraically onW, and one has Z = Q×S W.
Given any holomorphic map f : Cr → S satisfying
f (v+ λ)ρ(λ) = f (v)(3.12)
for all v ∈ Cr, λ ∈ Λ, we can write down an explicit holomorphic trivialisation Φ f : Q → V × S as
follows
[v, s] 7→ ([v], f (v)s),(3.13)
where one uses the property (3.12) to show that this is well-defined; the inverse Φ−1f is given by
([v], s) 7→ [v, f (v)−1s].(3.14)
9Writing “complexified” in quotation marks, while it is true that the objects here are complexifications in the sense of
Definition 1.1, we will not make use of this; rather, we are only concerned with their structure as complex manifolds. However,
describing them as such helps to convey the idea of the argument here.
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Furthermore, it is easy to see that if f satisfies f (Rr) ⊆ J, then Φ f restricts to a real-analytic isomor-
phism A
∼
−→ T × J. Therefore, given such an f , we may construct a commutative diagram
A
Φ f //

T × J

Q
Φ f
// V × S,
where the vertical map on the left is the inclusion on the left side of (3.11), and the one on the right is
the inclusion (V × S)(R) ⊆ (V × S)(C).
To show that an f satisfying (3.12) always exists, let us assume for the moment that S = C×, so
that J = S1 ≤ C×. Let λ1, . . . , λr be a basis of Λ ≤ R
r; since ρ(Λ) ≤ J, we may write ρ(λj) = exp(tj)
for some tj ∈ iR ⊆ C for 1 ≤ j ≤ r. Now, if v := ∑
r
j=1 vkλk ∈ C
r for some vk ∈ C, the map given by
f (v) := exp
(
−
r
∑
l=1
tkvk
)
satisfies (3.12) above. It is also easy to see that if v ∈ Rr, i.e., vk ∈ R for 1 ≤ k ≤ r, then the right hand
side takes values in S1 = J. Furthermore, we observe that f |Λ = ρ
−1.
For an arbitrary complex algebraic torus S, upon choosing an isomorphism S ∼= (C×)p, we may
repeat the above argument component-wise, and thus obtain an f satisfying (3.12) for any S and any
ρ with f (Rr) ≤ J. Additionally, the f constructed in this way has the property that it is a homomor-
phism of complex Lie groups Cr → S extending ρ−1 on Λ. This property will be used in a crucial way
below.
Now, Φ f induces an isomorphism φ f : Z → V ×M, defined as the composition
Z = Cr ×Λ,ρ W
∼
−→ Q×S W
Φ f×
SIdW
−−−−−→ (V × S)×S W
∼
−→ V ×W;
explicitly, φ f and φ
−1
f are respectively given by
[v,w] 7→ ([v], f (v)(w)) and ([v],w) 7→
[
v,
(
f (v)−1
)
(w)
]
,
cf. (3.13) and (3.14). Furthermore, using the property that Φ f restricts to an isomorphism A→ T × J,
it is easy to see that φ f restricts to a real-analytic isomorphism Y → T ×M making the diagram
Y = Rr ×Λ M
φ f //

T ×M
ι

Z = Cr ×ΛW
φ f
// V ×W
commute.10 In particular, we see that V ×W is a good complexification of Y, as φ f gives a diffeomor-
phism (indeed, real-analytic isomorphism) onto the submanifold of real points.
What remains is to show that the Γ-action on V ×W is algebraic. This action arises from the action
on Z = Cr ×Λ,ρ W, which, as we have mentioned, is given by (3.8). Given γ ∈ Γ, we can transport its
action to V ×W via φ f , so that
γ • ([v],w) = φ f
(
γ • φ−1f ([v],w)
)
= φ f
(
γ •
[
v,
(
f (v)−1
)
(w)
])
= φ f
([
γ • v,
(
ρ(γ) f (v)−1
)
(w)
])
=
(
[γ • v],
(
f (γ • v)ρ(γ) f (v)−1
)
(w)
)
=
(
[γ • v],
(
f (γ • v)ρ(γ) f (v)−1ρ(γ)−1
)
◦ ρ(γ)(w)
)
10This proves the statement made in Remark 3.3.
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The action on the V-factor is obtained by descending a linear map on Cr, so is algebraic by Propo-
sition 1.30. We therefore concentrate on theW-factor. Since ρ(γ) acts algebraically onW, if we denote
by gγ : C
r → KC the holomorphic map
v 7→ f (γ • v)ρ(γ) f (v)−1ρ(γ)−1
appearing in the last expression above, it suffices to show that gγ descends to an algebraic map g˜γ :
V → KC. Given that f : Cr → S is a homomorphism of complex Lie groups, as noted above, it is
straightforward to check that gγ is one as well. We also observed above that if v = λ ∈ Λ, then
f (v)−1 = ρ(λ) and so
gγ(λ) = f (γ •λ)ρ(γ)ρ(λ)ρ(γ
−1) = ρ(γ •λ)−1ρ(γλγ−1) = e,
as γλγ−1 = γ •λ in π = Γ⋉Λ. This shows that gγ descends to a homomorphism of complex Lie
groups g˜γ : V = Cr/Λ→ KC . But any such map is automatically algebraic (for example, in the proof
of [BtD, III.(8.6) Proposition], note that V = TC and we may embed KC →֒ GLm(C) for some m as an
affine subvariety), which proves that the action is algebraic. 
Remark 3.15. In the introduction to [T], the question is posed of whether a closed manifold admits
a good complexification if and only if it admits a Riemannian metric of non-negative curvature.
The above shows that if it admits a Ka¨hlermetric of non-negative holomorphic bisectional curvature,
hence non-negative bisectional curvature (Remark 1.31), then a good complexification exists.
3.4. Relation to adapted complex structures. We have seen that given a Ka¨hler manifold, one may
consider its canonical complex extension, which is a complex manifold structure on the cotangent
bundle. The Ka¨hler metric has an underlying Riemannian metric which, by Proposition 1.7, we may
take to be real analytic. Thus, there is also well-defined adapted complex structure on a neighbour-
hood of the zero section in the tangent bundle. Using the metric, we may identify the tangent and
cotangent bundles, so when this Grauert tube is in fact entire, we may ask about the relation between
these two complex structures on the cotangent bundle. It is our aim here to make a statement in this
direction, beginning with the two following observations.
It is a particular case of [LS, Example 2.1] that if Λ is a lattice in Rn with the flat metric, then
the adapted complex structure on T(Rn/Λ) is isomorphic to Cn/Λ, which by Lemma 1.29 is in turn
biholomorphic to (C×)n. Therefore, by Proposition 2.13, if X is a flat complex torus of dimension
n, then the adapted complex structure from the (standard) Ka¨hler metric is biholomorphic to the
canonical extension.
Consider now the case of a flag manifold M. By Section 1.4.2, whose notation we adopt, we may
write M = U/K = G/P. [Sz2, Theorem 2.2] states that the adapted complex structure on TM =
T(U/K) arising from aU-bi-invariantmetric onU is biholomorphic to G/L. In particular, this holds if
M is an irreducibleHermitian symmetric spacewith the symmetric metric. In this case, by Proposition
2.23 and Remark 1.34 the adapted complex structure coincides with the canonical extension as well.
By taking M as in Proposition 3.1, we would therefore like to conclude that if (X,ω) is a compact
Ka¨hler manifold of non-negative bisectional curvature, then the canonical complex extension Z[ω] is
biholomorphic to the adapted complex structure on TX. However, in the statement there, which is
itself derived from Theorem 1.32, while the metrics on the PN-factors of M are assumed to be of non-
negative bisectional curvature, they are not necessarily invariant. Without invariance, such a metric
in general will not have entire Grauert tube; see [Sz1, Theorem 2.7, §4] for a discussion of the case
M = S2 = P1.11 However, we are able to prove the following.
Theorem 3.16. Let (X,ω) be a compact Ka¨hler manifold with non-negative holomorphic bisectional curvature.
Then there is a (real-analytic) Ka¨hler form ω̂ in the same Ka¨hler class as ω, also with non-negative holomorphic
11We are grateful to Ro´bert Szo˝ke for pointing this out to us.
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bisectional curvature, whose underlying Riemannian metric admits an entire Grauert tube biholomorphic to
the canonical extension Z[ω]
∼= Z[ω̂].
In the decomposition (1.33), if one knows a priori either that all the projective space factors carry a (constant)
positive multiple of the Fubini–Study metric, or that there are no such factors, then one may take ω̂ = ω above.
Proof. For a Riemannian manifold (Y, g), in the following we will often refer to the tangent bundle
TY as a complex manifold, with its adapted complex structure implicitly understood (in all cases
discussed, (Y, g) will have entire Grauert tube). If Γ is a finite group acting isometrically and freely
on Y, then, since the adapted complex structure is defined locally, the canonical diffeomorphism
(TY)/Γ
∼
−→ T(Y/Γ)(3.17)
is in fact a biholomorphism; here, on the right side, we are taking the metric on Y/Γ induced from
the Γ-invariant metric g.
Let (X,ω) be a compact Ka¨hler manifold of non-negative bisectional curvature, so that by Theorem
1.32, the universal covering is of the form Ck × M → X, where Ck is endowed with the flat metric.
We will write M = U/K as above and π = π1(X). Assume first that the metric on M arises from
a U-bi-invariant metric; if one knows a priori that, in the decomposition (1.33), M has no projective
space factors, or that each factor of PN comes with a multiple of the Fubini–Study metric, then this
assumption onM is satisfied. By the observationsmade in the two paragraphs preceding the theorem,
there are biholomorphisms
(3.18) ZCk
∼= TCk and ZM ∼= TM,
from which together with Lemma 2.10(a) we conclude that T(Ck × M) ∼= ZCk×M. The π-action on
Ck × M lifts holomorphically to both T(Ck × M) (as π acts by isometries) and ZCk×M (by Lemma
2.10(b)). Provided that the biholomorphism between these is π-equivariant, we have
TX = T
(
(Ck ×M)/π
)
∼= T(Ck ×M)/π ∼= ZCk×M/π
∼= Z(Ck×M)/π = ZX ,
using (3.17), equivariance, and Lemma 2.10(b) for the isomorphisms. Observe that in this case we
have not changed the metric, so this proves the last statement of the Theorem.
To show that the isomorphism T(Ck×M) ∼= ZCk×M is π-equivariant, as in the proof of Proposition
3.1(a), we first notice that the π-action on Ck ×M is diagonal. The same hence holds for the π-action
on ZCk×M = Z
k
C
×ZM stemming from the application of Lemma 2.10(b). Therefore, it suffices to show
that each of the two individual identifications in (3.18) can be taken to be π-equivariant. Of course,
both TCk and the canonical complex extension ZCk are both biholomorphic to C
2k (recall Section 2.3).
Again in the proof of Proposition 3.1, it was noted that the π-action on Ck is free, so we can be fairly
explicit about the π-action on Ck, so it is a matter of writing out the maps explicitly to see that the
biholomorphism TCk → ZCk can be taken to be π-equivariant; this is done in Lemma 3.20 below.
The canonical complexification of the M-factor was computed in Corollary 2.27, and the (uniquely
determined) lift of the action of any group of automorphisms was identified in Sections 1.4.1 and
1.4.2 above. Equivariance of the biholomorphism given in [Sz2, Theorem 2.2] is verified in Lemma
3.22 below.
To deal with the cases where the projective space factors of M have non-standard metrics, we
would simply like to average these metrics to obtain an invariant metric and then proceed as above;
to see that this can be done in a matter compatible with the π-action, we will need to look a little more
closely at the form automorphisms of M take. To this end, we will write
(M, ν) =
p
∏
i=1
(PNi , θi)
ri × (M′, ν′)
where we write M′ = U′/K′ as a quotient of compact Lie groups, with the metric ν′ is induced
by a U′-bi-invariant metric, and (PNi , θi) is non-isometric to (P
Nj , θj) if i 6= j; note that this does
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not preclude the possibility that Ni = Nj with i 6= j, but if this arises, one has g
∗θi 6= θj for all
g ∈ PGL(Ni + 1) = Aut(P
Ni). By the arguments of [Be2, §3], we may decompose
(3.19) IsoO(M, ν) =
p
∏
i=1
(
IsoO(P
Ni , θi)
ri ⋊Sri
)
× IsoO(M
′, ν′);
that is, IsoO(M, ν) acts by biholomorphic isometry in each factor, possibly permuting components in
isometric factors. Of course, one has IsoO(P
Ni , θi) ≤ PGLNi+1(C). Let πi ≤ PGLNi+1(C) be the sub-
group of all γ ∈ PGLNi+1(C)which appear in some IsoO(P
Ni , θi)-component of IsoO(P
Ni , θi)
ri ⋊Sri ,
when the images of all elements of π are decomposed according to (3.19). Since πi ≤ IsoO(P
Ni , θi)
is contained in a compact group, by conjugating if necessary, we may assume that πi is contained in
the maximal compact subgroup Ui := PU(Ni+ 1) = PSU(Ni + 1) ⊂ PGLNi+1(C), which acts transi-
tively on PNi . The metric θ˜i we obtain on P
Ni by averaging the metric θi over the compact group Ui
must be a scalar multiple of the Fubini–Studymetric, and hence arises from a choice ofUi-bi-invariant
metric on Ui.
Now, if we average the (product) metric ν on M over the group U = ∏
p
i=1U
ri
i , we obtain a new
real-analytic Ka¨hler metric ν˜ so that isometrically and biholomorphically
(M, ν˜) =
p
∏
i=1
(PNi , θ˜i)
ri × (M′, ν′).
Themetric ν˜ is π-invariant, since it is obviously invariant under any permutation of the factors in each
(PNi , θ˜i)
ri , and since it is invariant in any factor (PNi , θ˜i) by construction. Furthermore, as we aver-
aged over the connected compact group U, the cohomology class of ν˜ in H1(M,Ω1M) = H
1,1(M) ⊂
H2(M,C) is the same as that of ν [Z, Lemma 2.3], so that the induced canonical complexifications are
isomorphic as affine bundles over M. Moreover, ν˜ obviously has non-negative bisectional curvature.
The group U acts transitively on M and the metric ν˜ arises from a bi-invariant metric on U.
The Ka¨hler metric ω̂ on X = (Ck × M)/π induced by the π-invariant metric ν˜ is real-analytic,
has non-negative bisectional curvature, so to put ourselves into the situation dealt with in the first
paragraphs of the proof, it suffices to show that it belongs to the same cohomology class in H1,1(X)
as ω. For this, we saw above that the U-invariant ν˜ is in the same cohomology class in H1,1(M) as
the π-invariant ν. If we write ν − ν˜ = ∂¯α for some (1, 0)-form α, then it suffices to show that α can
be taken to be π-invariant; for then, α would pull back to a π-invariant primitive on Ck ×M, which
would then descend to one on X. Now, if we take J to be the closure of the image of π in U, then
J is a (possibly disconnected) compact Lie subgroup of U and ν is J-invariant (as a simple argument
by taking limits shows). Averaging α over J then yields a J- and hence π-invariant α˜ and one has
∂¯α˜ = ∂¯α = ν− ν˜. 
To complete the proof of Theorem 3.16 it remains to establish the necessary equivariance properties
of the two identifications in (3.18).
Lemma 3.20. For Ck with the flat metric, consider its real tangent bundle TS taken with the adapted complex
structure, and its canonical complex extension ZCk
∼= C2k as described in Section 2.3. For a holomorphic
isometry f : Ck → Ck, denote by f T the natural lift of f to TCk and let f Z be the lift of f to ZCk as described
in the the proof of Proposition 1.30. There is a biholomorphism Φ : TS
∼=−→ ZS such that, for any such f , the
following diagram commutes
TCk
Φ //
f T

ZCk
f Z

TCk
Φ
// ZCk .
(3.21)
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Proof. We write TCk = Ck ⊗R C, so that we are realising C
k as a real vector space, and the adapted
complex structure comes from tensoring with C (cf. [LS, Example 2.1]). One thinks of elements of the
form v⊗ 1 as “base directions” and those of the form v⊗ i as “tangent directions”. We saw in Section
2.3 that ZCk = C
2k. We define Φ : TS→ ZCk = C
2k by
v⊗ α 7→
(
αv,− i2αv¯
)
.
By the Bieberbach theorem, since one has U(k) = GLk(C) ∩O(2k), any holomorphic isometry f of
Ck can be factored into a composition of a translation τ and a unitary linear map σ. We consider these
two types of isometries separately. Suppose first that τ is translation by µ ∈ Ck, i.e.,
τ(z) = z+ µ.
Then the natural lift τT to TCk is
v⊗ α 7→ v⊗ α+ µ⊗ 1,
since translation does not affect the tangent directions The lift τZ : ZS → ZS, using the coordinates
(2.12), is given by
(z,w) 7→
(
z+ µ,w− i2 µ¯
)
,
If σ : Ck → Ck is a unitary linear map, then the lift σT to TCk is given by v⊗ α 7→ σ(v)⊗ α, while
σZ : ZCk → ZCk is given by (z,w) 7→ (σ(z), σ(w)), noting that the second coordinate corresponds to
the cotangent fibre directions, and hence the unitary σ acts by (σt)−1 = σ. It is straightforward to
check that diagram (3.21) commutes in each case. 
In order to check equivariance for the flag manifold factor, let M = G/P = U/K be as in the proof
of Theorem 3.16, where we assumed that the Ka¨hler metric on M comes from a U-bi-invariant metric
onU. Let us write M = ∏(Mj, νj) as a product of irreducible Hermitian symmetric spaces of compact
type, say with Mj = Uj/Kj, for some compact Lie groups Kj ≤ Uj, and the metric νj coming from
a Uj-bi-invariant metric (we can take U = ∏Uj and K = ∏ Kj). Then as observed in Remark 1.34,
νj is a positive scalar multiple of the pullback of the Fubini–Study metric ωj under some projective
embedding Mj →֒ P
N, and so by Remark 2.4 we have
Z[νj] = Z[ωj]
∼= UCj /K
C
j ,
the isomorphism mapping the section coming from the Ka¨hler metric to the image ofU/K inUCj /K
C
j .
Taking products with Lemma 2.10(a), we obtain ZM ∼= G/L with the section mapping to U/K →֒
G/L, see Proposition 2.23.
By Corollary 1.24 and Lemma 1.6, AutM = EP⋉G uniquely lifts to an action on ZM; hence so does
the action of IsoO(M), which is contained in EP ⋉U by Proposition 1.27. On the other hand, AutM
also has a natural lift to an action on TM; since IsoO(M) ≤ AutM acts by isometries, this action on
TM is by biholomorphism with respect to the adapted complex structure.
Lemma 3.22. In this setup, the biholomorphism Φ : TM → ZM of [Sz2, Theorem 2.1] intertwines the two
lifted actions discussed above. In particular, if Γ is any group acting on M via biholomorphic isometries, then
Φ intertwines the lifted Γ-actions on TM and ZM.
Proof. Following [Sz2, §2], though changing the notation, let us write u and k for the Lie algebras of U
and K, respectively, and write
u = k⊕m
for some K-invariant subspace m ⊆ u. Then we will realise TM as the associated vector bundle
TM = U×K m, and the biholomorphism Φ : TM → UC/KC = G/L of [Sz2, Theorem 2.1] is given by
[a, ξ] 7→ a exp(iξ)L.
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As mentioned, we identify ZM with the target of Φ and it is via this identification that we will realise
the lifted action of Corollary 1.24.
From Proposition 1.27, one has IsoO(M) ≤ EP ⋉U; it therefore suffices to show that Φ intertwines
the actions of both elements of U as well as those of EP. An element a ∈ U acts on M = U/K and
ZM = G/L via left multiplication a • uL = auL. The lifted action on TM is a • [u, ξ] = [au, ξ]. For
this type of automorphism, it is obvious that Φ intertwines the action. The second type arises from
φ ∈ EP, which has a realisation as an automorphism φ : U → U, see discussion preceding Proposition
1.27. Then
Φ (φ • [u, ξ]) = φ(u) exp (idφ(ξ)) L = φ(u)φ (exp(iξ)) L = φ (u exp(iξ)) L = φ •Φ([u, ξ]). 
4. BIG TANGENT BUNDLES AND AFFINE CANONICAL EXTENSIONS
In this section we start investigating the question of necessary assumptions on a manifold to have
a canonical extension with many holomorphic or regular functions. Moreover, as a by-product of our
investigation, we give a new proof of a result of Yang [Y, Theorem 4.5].
4.1. Affineness of the canonical extension and bigness of the tangent bundle. We now consider
the case where X is a smooth complex projective variety. In this case, it is possible to show that if
ZX is affine, then the tangent bundle ΘX must be big. In particular, this applies to flag varieties as
discussed in Section 2.4.
In order to obtain the result just mentioned, we give a more general statement about affine open
subvarieties in projective varieties, which in turn makes essential use of the following result of Good-
man [Go, §I Theorem 1], which is also stated and proved at [Ha1, §II.6 Theorem 6.1].
Theorem 4.1. Let Y be a closed subset of a complete integral scheme X and let U = X− Y. Then U is affine
if and only if there exists a closed subscheme Z ⊆ Y such that Y = f−1(Y) is the support of an effective ample
divisor on X, where f : X → X is the blow-up of X with centre Z.
Proposition 4.2. Let Y be a normal projective variety and D a smooth connected divisor on Y. If Y \ D is an
affine variety, then the normal bundle ND/Y ∼= OD(D) = OY(D)|D is big.
Proof. By Theorem 4.1, there exists a birational modification f : Y → Y of Y with centre Z contained
in D and an ample effective divisor A on Y with support f−1(D). By blowing-up further if necessary,
we may assume that Y is smooth; moreover, we may assume that codimYZ ≥ 2.
By taking a sufficiently large multiple, we may assume that A is very ample and that it takes the
form A = k f ∗D − N + P, where k ∈ Z>0 and N and P are effective divisors which are exceptional
for f . Thus,
f∗OY(A) = f∗OY(k f
∗D− N + P) = OY(kD)⊗OY f∗OY(−N + P).
But now, OY(−N) ⊆ OY, so by left exactness of f∗, one has f∗OY(−N + P) ⊆ f∗OY(P). We then
claim that f∗OY(P) = OY. This statement is a consequence of a special case of [KMM, Lemma 1-3-
2], however, one can also give the following simple argument. First, OY(P) may be realised as the
subsheaf of the sheaf of rational functions on Y with poles bounded by P. However, as f is birational
and f (P) ⊆ Z, when we realise these as rational functions on Y via f , they are well-defined except
possibly over Z, which is of codimension ≥ 2 in the normal variety Y, so extend to functions on Y
without any poles, thus yielding sections of OY.
It follows that f∗OY(A) ⊆ OY(kD) and hence we have an inclusion of global sections
V := H0(Y, A) →֒ H0(Y,OY(kD)).(4.3)
Since A is very ample, its global sections yield a projective embedding φA : Y →֒ P
N ; but considering
the linear system |V| on Y induced by the inclusion (4.3), we obtain a rational map φ|V| : Y 99K P
N
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yielding a factorisation φkD of φA that fits into a commutative diagram
D
f

ι // Y
f

φA // PN
D
ι // Y
φ|V|
>>⑥
⑥
⑥
⑥
where D ⊆ Y is the strict transform of D and ι and ι are the respective inclusion maps. Since f is an
isomorphism away from f−1(Z), the diagram already shows that the indeterminacy locus of φV is
contained in Z. In particular, since φA ◦ ι is an embedding, ι ◦ φ|V| is an embedding at least on D \ Z.
But ι ◦ φ|V| is the rational map obtained from the restriction of the linear system |V| to D, which is a
linear subsystem of OY(kD)|D = N
k
D/Y; this says that ND/Y is big. 
Corollary 4.4. Suppose X is a smooth projective variety such that ZX is affine. Then ΘX is big. In particular,
if X is a flag variety, then ΘX is big.
Proof. In the situation of Section 2.1, we take Y = PW and D = PΩ1X. Then by Lemma 1.16(a), ZX
∼=
Y \D andOPW(D) = OPW(1). Of course,OPW(1)|PΩ1X
= O
PΩ1X
(1) = N
PΩ1X/PW
. The statement that
O
PΩ1X
(1) is big is the definition of ΘX being big. The last statement comes from Proposition 2.23. 
Remark 4.5. Our last statement is the second part of [Hs, Corollary 1.3], which is obtained via much
different methods. The first part of Hsiao’s statement suggests the question of whether ZX is affine
when X is a toric variety.
The following gives a first indication of the place of varieties with big tangent bundles in the
classification theory of higher-dimensional projective varieties.
Proposition 4.6. If X is a projective manifold with the property that ΘX is big, then X is uniruled. In
particular, X having big tangent bundle implies that its Kodaira dimension is negative.
Proof. Assume that X is not uniruled and fix an ample line bundle A on X. By Miyaoka’s generic
semipositivity theorem (see, e.g., [La, Remark 6.3.34]), for a sufficiently general curve C ⊆ X arising
as a complete intersection of n− 1 divisors in |rA| for r ≫ 1, the restriction Ω1X |C is nef. But then
(Ω1X|C)
⊗m = (Ω1X)
⊗m|C is nef for any m > 0 by [La, Theorem 6.2.12(iv)], and hence any quotient of
(Ω1X)
⊗m|C is also nef by [La, Theorem 6.2.12(i)].
On the other hand, since ΘX is big, [La, Example 6.1.23] says that for sufficiently large m, we have
H0(X, SymmΘX ⊗ A
∨) 6= 0. Thus, A is a subsheaf of SymmΘX . Furthermore, we may identify the
sub-bundle of symmetric m-tensors in Θ⊗mX with Sym
m ΘX (this works in characteristic 0). Therefore,
A is a subsheaf of Θ⊗mX ; dualising, we hence obtain an anti-ample quotient of (Ω
1
X)
⊗m and restricting
to C above, we obtain a contradiction. 
Remark 4.7. In the statement of Proposition 4.6, we have assumed that X is projective; however, with
the assumption that ΘX is big, this is automatic. Assuming only that X is compact Ka¨hler, the same is
true for the projective bundle PΩ1X . The existence of a big line bundle, namely OPΩ1X
(1), implies that
PΩ1X is a Moishezon manifold. Now, the image of a Moishezon manifold under a holomorphic map
is Moishezon; hence, X is compact Ka¨hler and Moishezon, and therefore projective by Moishezon’s
theorem.
4.2. Non-bigness of tangent bundles of fibre bundles over tori. Here, we present a somewhat more
elementary proof of the result of Yang [Y, Theorem 4.5] stating that a compact Ka¨hler manifold of non-
negative bisectional curvature with big tangent bundle is a product of Hermitian symmetric spaces
of compact type; see Corollary 4.9 below for the precise formulation. As in Theorems 3.4 and 3.9, we
will again apply the relevant structure theory as provided by Proposition 3.1.
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Proposition 4.8. Let T = Ck/Λ be a complex torus of dimension k > 0, so that we have a natural identifica-
tion π1(T) = Λ. Let M be any compact complex manifold on which Λ acts by biholomorphism via a compact
subgroup; i.e., the homomorphism Λ→ AutM factors through a compact subgroup of AutM. Let
X := Ck ×Λ M = (Ck ×M)/Λ.
Then ΘX is not big.
Corollary 4.9 ([Y, Thm. 4.5]). If X is a compact Ka¨hler manifold of non-negative holomorphic bisectional
curvature with big tangent bundle, then X is a product
(PN1 ,ω1)× · · · × (P
Nℓ ,ωℓ)× (M1, η1)× · · · × (Mk, ηk)
where, for 1 ≤ i ≤ ℓ, ωi is a Ka¨hler metric of non-negative bisectional curvature on P
Ni , and where each
(Mj, ηj) is an irreducible Hermitian symmetric space of compact type.
Proof. If X is of non-negative bisectional curvature, then by Proposition 3.1(b), it has a finite Galois
cover Y which is of precisely the form as described in Proposition 4.8 above. If k > 0, then the
Proposition and Lemma 1.36 yield a contradiction to the assumption that ΘX is big. Therefore, we
must have k = 0 and so Y is a product as in the statement, and X is a finite quotient of Y; but by
Proposition 1.22, this must be a quotient by the trivial group. 
The rest of this section will be devoted to providing a proof of Proposition 4.8. We will write
dimM = n− k so that dimX = n. Let f : X → T denote the projection. Then since ΘT ∼= O
⊕k
T , one
has f ∗ΘT ∼= O
⊕k
X , and the relative tangent sequence associated to f is of the form
0 −→ ΘX/T −→ ΘX −→ O
⊕k
X −→ 0.(4.10)
Let PX and PX/T ∈ Q[z] be the relevant Hilbert functions, i.e.,
PX(m) := h
0(X, Symm ΘX) = h
0(PΩ1X ,OPΩ1X
(m))
PX/T(m) := h
0(X, Symm ΘX/T) = h
0(PΩ1X/T,OPΩ1X/T
(m)).
Recall that PX(m) = O(m
2n−1) and PX/T(m) = O(m
2n−k−1) as PΩ1X and PΩ
1
X/T are of dimensions
2n− 1 and 2n− k− 1, respectively. Furthermore, each of the bundles being big is equivalent to the
respective limits superior,
lim sup
m→∞
PX(m)
m2n−1
and lim sup
m→∞
PX/T(m)
m2n−k−1
being strictly positive (cf. Definition 1.35).
Proposition 4.8 is proved by verifying the following two lemmata.
Lemma 4.11. If ΘX were big, then ΘX/T would also be big.
Proof. We begin with the following statement frommultilinear algebra [Ha2, Chap. II, Ex. 5.16]. Note
that our indexing differs from that given in the reference.
Claim. Let Y be any complex manifold and let
0 −→ U −→ V −→W −→ 0
be an exact sequence of (holomorphic) vector bundles on Y. Then for anym ∈ Z>0, there is a filtration
0 = F−1 ⊆ F0 ⊆ F1 ⊆ · · · ⊆ Fm = Sym
m V
by sub-bundles such that Fi/Fi−1 ∼= Sym
m−iU ⊗ SymiW.
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The claim is proved by taking Fi to be the image of
i⊕
j=0
U⊗m−j ⊗V⊗j = U⊗m⊕U⊗m−1⊗V ⊕ · · · ⊕U⊗m−i ⊗V⊗i ⊆ V⊗m
in Symm V under the symmetrisation map.
Applying the Claim to the exact sequence (4.10), we obtain
Fi/Fi−1 ∼= Sym
m−iΘX/T ⊗ Sym
iO⊕kX
∼=
(
Symm−iΘX/T
)⊕(k+i−1i )
.(4.12)
We have
PX(m) = h
0(X, SymmΘX) = h
0(X, Fm) ≤ h
0(X, Fm/Fm−1) + h
0(X, Fm−1)
=
(
m+ k− 1
m
)
+ h0(X, Fm−1),
and a straightforward induction, repeatedly using (4.12), shows that
PX(m) ≤
(
m+ k− 1
k− 1
)
+
(
m+ k− 2
k− 1
)
PX/T(1) +
(
m+ k− 3
k− 1
)
PX/T(2) + · · ·
+
(
k+ 1
k− 1
)
PX/T(m− 2) + kPX/T(m− 1) + PX/T(m)
=
(
m+ k− 1
k− 1
)
+
m
∑
i=1
(
m+ k− i− 1
k− 1
)
PX/T(i).(4.13)
Let us assume that ΘX/T is not big, i.e., lim supm PX/T(m)/m
2n−k−1 = 0, so that we want to prove
that lim supm PX(m)/m
2n−1 = 0. It therefore suffices to divide (4.13) by m2n−1 and then show that
the limit is zero. Observe that for each i ≥ 0, (m+k−i−1k−1 ) is a polynomial in m of degree k− 1, and in
fact, the leading term is mk−1/(k− 1)! in each case. Thus, the first term, when divided by m2n−1, will
vanish in the limit, so it suffices to look at the sum. Dividing by m2n−1, we obtain
m
∑
i=1
1
mk
(
m+ k− i− 1
k− 1
)
PX/T(i)
m2n−k−1
.
Since the PX/T(i)/m
2n−k−1 can be made uniformly small by taking m large enough (i.e., indepen-
dently of i), it suffices to show that limm ∑
m
i=1 (
m+k−i−1
k−1 )/m
k is bounded, but this again follows from
the fact that the given binomial coefficients are polynomials of degree k− 1. 
Lemma 4.14. ΘX/T is not big.
Proof. The Λ-action on M induces one on the tangent bundle ΘM (as a complex manifold) and hence
on SymmΘM for any m ∈ Z>0; of course, the action is linear on fibres, and the projections are equi-
variant for the action on M. We have Θ(Ck×M)/Ck = p
∗
MΘM, and hence since Λ is a discrete group
ΘX/T = (C
k ×ΘM)/Λ = C
k ×Λ ΘM
and of course the projection to X is obtained by applying the functor Ck ×Λ − to ΘM → M. We can
repeat this for all symmetric products: for all m ∈ Z>0, one has
Symm ΘX/T ∼= C
k ×Λ SymmΘM.
Now, let E be any holomorphic vector bundle over M on which there is a Λ-action, also acting
via a compact group, which is linear on the fibres and for which the projection to M is equivariant.
Of course, over Λ-invariant open sets of M, there is a Λ-action on the sections of E by (λ • s)(m) =
s ((−λ) •m), where λ ∈ Λ, m ∈ M, and s is a section of E; we are using additive notation for Λ.
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We let
EX := C
k ×Λ E,
so that the natural projection to X, as before obtained by applying Ck ×Λ − to the projection E → M,
makes it into a vector bundle over X. In this setup, we have the following general result.
Proposition 4.15. There is a natural isomorphism
H0(M, E)Λ = H0(X, EX),
where the left hand side denotes the Λ-invariant global sections of E.
Proof of Proposition 4.15. We denote the class of (u,m) ∈ Ck × M modulo Λ by [u,m] ∈ X, and simi-
larly for elements of EX = C
k ×Λ E. Given s ∈ H0(M, E)Λ, we define σs ∈ H0(X, EX) by
σs([u,m]) = [u, s(m)].
That this is well-defined comes directly from the fact that s is Λ-invariant, i.e., s(λ ·m) = λ · s(m) for
all λ ∈ Λ, m ∈ M.
Now, consider a global section of EX . We may pull this back through the projection C
k ×M → X
and so we get a section of the vector bundle Ck× E → Ck×M, which must be compatible with theΛ-
action; hence a section of EX may be identified with a Λ-equivariant function C
k → H0(M, E). Since
Λ is abelian, acting via a compact group, and H0(M, E) is a finite-dimensional vector space, it decom-
poses into a sum of 1-dimensional Λ-modules; furthermore, since Λ acts via a compact subgroup, it
must act via S1 on each of these 1-dimensional modules. Therefore, a section of EX may be identified
with a tuple of sections of 1-dimensional local systems on T, each arising from a representation of
Λ in S1. Each such section corresponds to a holomorphic function on Ck that is invariant under the
Λ-action. As Λ acts via S1 on C, the function is in fact bounded, and hence constant by Liouville’s
Theorem; but for a constant function to beΛ-invariant, the representationwould have to be trivial. In
summary, we can identify the sections of EX with constant maps C
k → H0(M, E)Λ ⊆ H0(M, E). 
To complete the proof of Lemma 4.14, we will take E = Symm ΘM, so that EX = Sym
mΘX/T . As
above, we write PM ∈ Q[z] for the Hilbert function
PM(m) := h
0(M, SymmΘM) = h
0
(
PΩM,OPΩM(m)
)
.
As dimPΩM = 2 dimM− 1 = 2(n− k)− 1, PM(m)/m
2(n−k)−1 is bounded and has a positive limit
superior as m → ∞ if and only if ΘM is big (which is the case when M is a flag variety, by Corollary
4.4, the case of interest to us). Proposition 4.15 then states that
PX/T(m) = h
0(X, Symm ΘX/T) ≤ h
0(M, Symm ΘM) = PM(m)
and so
PX/T(m)
m2n−k−1
≤
PM(m)
m2n−k−1
=
PM(m)
m2(n−k)−1
·
1
mk
m→∞
−→ 0
by our observation above that the first factor in the last expression is bounded. Hence ΘX/T cannot
be big. 
This concludes the proof of Proposition 4.8.
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APPENDIX A. PROOF OF PROPOSITION 1.7
We understand that a proof of Proposition 1.7 is possible using methods involving the Ka¨hler–Ricci
flow [Br], however, we present here a more elementary, sheaf-theoretic proof. A proof similar to ours
appears at [Le, Proposition 2.1]; we thank Bo Berndtsson for making us aware of this reference.
Let X be a complex manifold of (complex) dimension n. Consider the map of sheaves ℜ : OX →
C∞X which takes the real part of a holomorphic function. This sits in an exact sequence
0 // iRX // OX
ℜ // C∞X ,
where RX is the sheaf of locally constant R-valued functions on X. We set K
1
∞ := cokerℜ, so that we
have a short exact sequence
0 // OX/iRX // C
∞
X
// K1∞ // 0.
Replacing C∞X by C
ω
X , we get an analogous short exact sequence and the inclusion C
ω
X →֒ C
∞
X yields
a morphism of short exact sequences
0 // OX/iRX // C
ω
X
//

K1ω

// 0
0 // OX/iRX // C
∞
X
// K1∞ // 0.
(A.1)
The reason for introducing these objects is as follows. Suppose that X admits a Ka¨hler form ω; then
ω admits local Ka¨hler potentials: there exists an open cover {Uj} of X and functions ϕj ∈ C
∞(Uj)
with ω|Uj = i∂∂¯ϕj and, of course, the ϕj will need to be strictly plurisubharmonic. On the overlaps,
one has i∂∂¯(ϕj|Uj∩Uk − ϕk|Uj∩Uk) = 0, so the ϕj|Uj∩Uk − ϕk|Uj∩Uk are pluriharmonic functions, i.e.,
precisely those in the image of OX/iRX → C
∞
X . We may therefore realise the Ka¨hler form ω as a
global section of the sheaf K1∞ which is locally represented by strictly plurisubharmonic functions.
When we do this, then the map C∞X → K
1
∞ should be thought of as the operator i∂∂¯.
To proceed with the proof, we begin by assembling the approximation result we need to find
analytic functions “close enough” to a given strictly plurisubharmonic function. This begins with
some local arguments.
Lemma A.2. Let B ⊆ Cn be a ball centred at the origin and let z1, . . . , zn be the standard complex coordinates
on Cn. Suppose u1, . . . , u2n is any set of real coordinates on B. Then for any ǫ > 0, there exists δ > 0 such
that if ψ ∈ C2(B) satisfies
|ψ|,
∣∣∣∣ ∂ψ∂uα
∣∣∣∣ ,
∣∣∣∣∣ ∂2ψ∂uα∂uβ
∣∣∣∣∣ < δ(A.3)
then
|ψ|,
∣∣∣∣ ∂ψ∂zλ
∣∣∣∣ , ∣∣∣∣ ∂2ψ∂zλ∂zµ
∣∣∣∣ , ∣∣∣∣ ∂2ψ∂zλ∂z¯µ
∣∣∣∣ < ǫ(A.4)
on some possibly smaller ball B′ ⊆ B containing 0.
For the proof, one may restrict to some closed ball B
′
⊆ B on which all of
∂uα
∂zλ
,
∂uα
∂z¯λ
,
∂2uα
∂zλ∂zµ
,
∂2uα
∂zλ∂z¯µ
are bounded. Since ∂ψ/∂zλ, etc., can be written in terms of these and the ∂ψ/∂uα, etc., one may find
such a δ.
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Consider now a Cω (respectively, C∞) embedding of the complex manifold X into an open set
Ω ⊆ Rk, for some k > 2n, with coordinates u1, . . . , uk on R
k. Write k := {1, . . . , k}. Given any
x ∈ X, there exists at least one subset i = {i1, . . . , i2n} such that ui := (ui1 , . . . , ui2n) is a set of C
ω
(respectively, C∞) coordinates on X in a neighbourhood of x. By taking a minimum over all such i,
we can state the following.
Lemma A.5. Consider X →֒ Ω embedded as above, fix x ∈ X and choose holomorphic coordinates z1, . . . , zn
on X near x. Then given any ǫ > 0, there exists δ > 0 such that if ψ ∈ C2(B) on some neighbourhood B of x
(in X) satisfies (A.3) for all α, β ∈ i, where i ⊆ k is any subset such that ui is a set of (real) coordinates on X
near x, then (A.4) holds on some neighbourhood B′ of x (in X).
Fix x ∈ X and suppose i ⊆ k is such that ui gives a set of coordinates on X near x. For β ∈ k \ i,
then in such a neighbourhood on X, there exist uniquely determined Cω (respectively C∞) functions
τβ such that uβ = τβ(ui). If h ∈ C
2(Ω), then setting ψ := h|X , for all α ∈ i, we have
∂ψ
∂uα
=
∂h
∂uα
+ ∑
β∈k\i
∂τβ
∂uα
∂h
∂uβ
and we can find similar expressions for the second derivatives. Thus the expressions for ∂ψ/∂uα , etc.
are functions of ∂h/∂uγ , γ ∈ k. We can thus obtain the following.
Lemma A.6. Consider X →֒ Ω embedded as above, fix x ∈ X and choose holomorphic coordinates z1, . . . , zn
on X near x. Then given any ǫ > 0, there exists η > 0 such that if h ∈ C2(Ω) satisfies (A.3) for all α, β ∈ k,
then (A.4) holds on some neighbourhood B′ of x (in X).
We will need the following basic local deformation result for strictly plurisubharmonic functions.
Lemma A.7 ([GR, Corollary IX.B.3]). Let ϕ be a strictly plurisubharmonic function defined on a neighbour-
hood of the origin 0 ∈ Cn. For some r > 0, if ψ ∈ C2(Br) (Br is an open ball of radius r centred at the origin)
is such that |ψ|, |ψi|, |ψij|, |ψi j¯| are sufficiently small, then ϕ− ψ is also strictly plurisubharmonic.
With the observation that the notion of a strictly plurisubharmonic function on a complexmanifold
is independent of coordinates, by applying Lemma A.7, we can state the following.
Lemma A.8. Consider X →֒ Ω embedded as above, fix x ∈ X and suppose ϕ0 is some strictly plurisubhar-
monic function defined in a neighbourhood of x in X. Then there exists η = ηx > 0 such that if h ∈ C2(Ω)
satisfies
|h|,
∣∣∣∣ ∂h∂uα
∣∣∣∣ ,
∣∣∣∣∣ ∂2h∂uα∂uβ
∣∣∣∣∣ < ηx(A.9)
for all α, β ∈ k, then ϕ0 − h|X is strictly plurisubharmonic on a neighbourhood of x (in X).
Now, suppose we are given ω0 ∈ H
0(X,K1∞) which is represented everywhere by spsh functions.
Then we can find a locally finite, countable open cover {Um}m∈N of X, with Um relatively compact
in X and ϕ0,m strictly plurisubharmonic on Um and find ηm > 0 (without loss of generality, ηm <
1
2 )
such that if h ∈ C2(Ω) satisfies (A.9), then ϕ0,m − h|Um is also strictly plurisubharmonic on Um.
Lemma A.10. There exists η˜ ∈ C0(X) such that for every x ∈ X, there exists some m ∈ N with x ∈ Um and
0 < η˜(x) < ηm.
The statement we need to prove Theorem 1.7 will follow fromWhitney’s approximation theorem.
Theorem A.11 (Whitney’s approximation theorem, [Na, 1.6.5]). Let Ω ⊆ Rn be open and f ∈ Ck(Ω),
0 ≤ k ≤ ∞. Let η ∈ C0(Ω) be such that η(x) > 0 for all x ∈ Ω. Then there exists g ∈ Cω(Ω) such that
|Dα f (x)− Dαg(x)| < η(x) for 0 ≤ |α| ≤ min
{
k,
1
η(x)
}
.
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Proposition A.12. Let X be a Ka¨hler manifold and let ω0 ∈ H
0(X,K1∞) be the Ka¨hler form, i.e., represented
as a section by a choice of local Ka¨hler potentials ϕ0,m. Then for any τ ∈ C
∞(X) there exists σ ∈ Cω(X) such
that ω0 + i∂∂¯(σ− τ) is still a positive form; equivalently, ϕ0,m + σ− τ are strictly subpluriharmonic.
Proof. Choose a Cω embedding X →֒ Ω as above, take the open cover {Um} as above and η˜ ∈ C0(X)
as in LemmaA.10. Extend η˜ to a continuous positive function onΩ and extend τ to a smooth function
f ∈ C∞(Ω). Then by the Whitney approximation theorem, there exists g ∈ Cω(Ω) such that h :=
f − g satisfies (A.9). Then setting σ := g|X ∈ C
ω(X), we have for every m ∈ N,
ϕ0,m − h|X = ϕ0,m − ( f |X − g|X) = ϕ0,m − τ + σ
is strictly plurisubharmonic. 
Proof of Proposition 1.7. As before, we realise the Ka¨hler form ω0 in terms of local Ka¨hler potentials
and hence think of it as a global section in H0(X,K1∞)with strictly plurisubharmonic representatives.
Taking the long exact sequences in cohomology associated to the diagram (A.1), we get
H0(X,CωX)
//

H0(X,K1ω)
s

δω // H1(X,OX/iRX) // H
1(X,CωX)

H0(X,C∞X )
// H0(X,K1∞) δ∞
// H1(X,OX/iRX) // H
1(X,C∞X ).
(A.13)
Now, H1(X,C∞X ) = 0, since C
∞
X is a soft sheaf; it is also true, by a result of H. Cartan, that H
1(X,CωX) =
0, see [Car, The´ore`me 3]. Hence, the maps δ∞ and δω in (A.13) are both surjective. Therefore, there
exists ωa ∈ H0(X,K1ω) such that δω(ω
a) = δ∞(ω0), which in turn implies that there exists τ ∈
C∞(X) such that ω0 − ω
a = i∂∂¯τ. Here, we are identifying ωa with its image under s in H0(X,K1∞).
Proposition A.12 then produces a σ ∈ Cω(X) such that ω := ω0 + i∂∂¯(σ − τ) = ω
a + i∂∂¯σ is a
positive, real analytic form. This concludes the proof. 
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